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Foreword
With the switch from a modular to a linear course in 2017, 

AS/A Level Mathematics learning needs to go beyond rote 

techniques; students need to develop a coherent understanding 

of mathematics as a whole subject. This is why we have written our 

resources with the purpose of promoting deeper understanding, 

essential for success in the new specifications. 

Developed by a highly experienced author team with a wealth 

of maths teaching expertise, our print and digital resources are 

underpinned by a synoptic approach with a strong focus on the 

overarching themes of problem-solving, proof and modelling. 

Your students are provided with the best tools for success through 

continual assessment opportunities at every stage of the course, to 

embed knowledge and increase confidence. Furthermore, you can 

go digital with Cambridge Elevate which provides customisable 

editions for your class. Cambridge AS/A Level Mathematics for 

OCR A resources are here to support both you and your students 

every step of the way. 



Supporting success through 
deeper understanding

An original series created specifically to 
match the new AS/A Level Mathematics and 
Further Mathematics OCR A specifications.

Our new series actively promotes a 
deeper understanding as required by the 
new curriculum. With a focus on gradual 
development of connected skills alongside the 
new overarching themes, a strong pedagogical 
approach underpins the entire series. 

Our resources strive to instil a passion in 
students, as well as support teachers in 
delivering the course with confidence.

Synoptic Learning   

•  All of the resources take a synoptic 
approach. This includes cross-topic review 
exercises and fast forward/rewind signposts 
that reinforce links between concepts in 
the student book and make connections 
between Pure and Applied topics.

Deeper Understanding 

•  Overarching themes of problem-solving, 
proof and modelling are built into 
every chapter, with additional Focus On 
pages that underpin students’ technical 
proficiency with a depth of understanding 
that goes beyond learning rote techniques. 

•  Our unique Work it Out feature challenges 
common misconceptions. Questions are 
presented with three possible solutions 
and students must identify which is correct, 
as well as where errors have been made.

•  The student books contain a large bank 
of questions to ensure sufficient practice 
in a range of contexts. This includes drill, 
discussion, synoptic and past paper 
practice questions - all uniquely colour 
coded for different skill levels.

Assessment 

•  Continual assessment is embedded in every 
stage of the course - at chapter, strand and 
course level - to help build student and 
teacher confidence with the new linear exams. 

•  Further requirements for the new syllabus 
are fulfilled through opportunities 
to practise with large datasets and 
incorporate technology throughout. 

Cambridge Elevate editions

Cambridge Elevate editions are digital 
versions of our comprehensive textbooks, 
available through our teaching and learning 
subscription service. Cambridge Elevate offers 
digital content that allows flexible learning with 
a range of online tools. These are available 
through browsers or offline through iOS and 
Android apps, so students can access the 
content anytime, anywhere. 

Teachers can create student groups to use 
their selected resources, annotate text with 
highlights, add written or audio notes, as 
well as message and send annotations to the 
students via the platform.

Available through the platform, Gateway  
to A Level bridges the gap between  
Key Stage 4 and 5. It provides support for 
differentiation, along with worked solutions 
to all practice questions as well as additional 
worksheets for Support and Extension. 

Free downloadable Schemes of Work that 
you can edit and adapt to suit your needs 
will be available on our website. These help 
you with planning for the new specification.

Cambridge University Press is delighted to have entered the approval 
process with OCR to publish student books for their new 2017 AS/A Level 
Mathematics and Further Mathematics A specifications.*

* Please note, OCR only approves the student book. Cambridge Elevate resources shown here are not part of the approval process.
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How to use the OCR Student Books
Throughout our student books you will notice particular features that are designed to aid learning.  

They ensure students understand what is required of them and allow them to navigate through  

the topic with confidence. This section provides a brief overview of these features.

Before you start

A list of things 
that they should 
already know 
from previous 
learning and 
questions to 
check that they’re 
ready to start the 
chapter.

Learning 
objectives

A short summary 
of the content that 
students will learn 
in each chapter.

Clear diagrams

Visual 
representation of 
key concepts is 
important to help 
understanding 
and is a feature 
throughout the 
book.



Draft sample pages from OCR Student Book 1 (AS Year 1).

Rewind

Reminders 
of where to 
find useful 
information 
that they have 
covered earlier 
in their study.

Key point

Important points 
that students will 
need to learn.
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Introduction

Introduction

You have probably been told that mathematics is very 
useful, yet it can often seem like a lot of techniques 
that just have to be learnt to answer examination 
questions. You are now getting to the point where 
you will start to see where some of these techniques 
can be applied in solving real problems. However, as 
well as seeing how maths can be useful we hope that 
anyone working through this book will realise that 
it can also be incredibly frustrating, surprising and 
ultimately beautiful.

The book is woven around three key themes from the 
new curriculum:

Proof
Maths is valued because it trains you to think logically 
and communicate precisely. At a high level, maths is 
far less concerned about answers and more about 
the clear communication of ideas. It is not about 
being neat - although that might help! It is about 
creating a coherent argument which other people 
can easily follow but fi nd diffi cult to refute. Have you 
ever tried looking at your own work? If you cannot 
follow it yourself it is unlikely anybody else will be able 
to understand it. In maths we communicate using a 
variety of means – feel free to use combinations of 
diagrams, words and algebra to aid your argument. 
And once you have attempted a proof, try presenting 
it to your peers. Look critically (but positively) at some 
other people’s attempts. It is only through having 
your own attempts evaluated and trying to fi nd fl aws 
in other proofs that you will develop sophisticated 
mathematical thinking. This is why we have included 
lots of common errors in our ’work it out’ boxes – just 
in case your friends don’t make any mistakes!

Problem solving
Maths is valued because it trains you to look at 
situations in unusual, creative ways, to persevere and 
to evaluate solutions along the way. We have been 
heavily infl uenced by a great mathematician and 
maths educator George Polya, who believed that 
students were not just born with problem solving 
skills – they were developed by seeing problems 
being solved and refl ecting on their solutions before 
trying similar problems. You may not realise it but 
good mathematicians spend most of their time being 

stuck. You need to spend some time on problems 
you can’t do, trying out different possibilities. If after a 
while you have not cracked it then look at the solution 
and try a similar problem. Don’t be disheartened if 
you cannot get it immediately – in fact, the longer you 
spend puzzling over a problem the more you will learn 
from the solution. You may never need to integrate a 
rational function in future, but we fi rmly believe that 
the problem solving skills you will develop by trying it 
can be applied to many other situations.

Modelling
Maths is valued because it helps us solve realworld 
problems. However maths describes ideal situations 
and the real world is messy! Modelling is about 
deciding on the important features needed to 
describe the essence of a situation and turning that 
into a mathematical form, then using it to make 
predictions, compare to reality and possibly improve 
the model. In many situations the technical maths 
is actually the easy part – especially with modern 
technology. Deciding which features of reality to 
include or ignore and anticipating the consequences 
of these decisions is the hard part. Yet it is amazing 
how some fairly drastic assumptions – such as 
pretending a car is a single point or that people’s 
votes are independent – can result in models which 
are surprisingly accurate. 

More than anything else, this book is about making 
links. Links between the different chapters, the topics 
covered and the themes above, links to other subjects 
and links to the real world. We hope that you will grow 
to see maths as one great complex but beautiful web 
of interlinking ideas. 

Maths is about so much more than examinations, 
but we hope that if you take on board these ideas 
(and do plenty of practice!) you will fi nd maths 
examinations a much more approachable and 
possibly even enjoyable experience. However, always 
remember that the results of what you write down in a 
few hours by yourself in silence under exam conditions 
is not the only measure you should consider when 
judging your mathematical ability – it is only one 
variable in a much more complicated mathematical 
model!
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Before you start…

Chapter 7 You should be able to use 
the number e and natural 
logarithms.

1 Simplify:
a ln(5e2)
b el + ln(5)

Chapter 7 You should be able to use the 
laws of logarithms.

2 If y = 100x3 write log y in the form n + k log x.

Why use exponential models?
In many situations in the real world the rate of growth of a quantity is 
approximately proportional to the amount that is there; for example, the 
more people there are in a country, the more babies will be born. It turns 
out that the only functions which have this property are exponential 
functions, of the form y = ax.

Section 1: Graphs of exponential functions
Th is is the graph of y = 2x:

y

y = 2x

x
O 1 2 3–1–2–3

1

2

3

4

5

6

7

8

9

For very large positive values of x, the y value approaches infi nity, and for 
very large negative values of x the y value approaches (but never reaches) 0. 
In this case, we would say that the x-axis is an asymptote to the graph.

In this chapter you will learn:

• about graphs of exponential functions
• why exponential functions are often used in modelling
• how to use logarithms to transform curved graphs into straight lines

8 Exponential models
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If we look at the graphs of exponential functions with diff erent bases we 
can start to make some generalisations.

y = 2x

y = 5x

y = (   )x

y

x
O

1
2

y = (   )x3
2

You may observe that the 
black line is a refl ection of 
the blue line. This is because
1
2

(2 ) 21⎛

⎝
⎜
⎛⎛

⎝⎝

⎞

⎠
⎟
⎞⎞

⎠⎠

x
x2= (2 )1− )1 2 . You know

from chapter 5 section 3 that 
replacing x by −x results in the 
graph being refl ected in the 
y-axis.

Rewind

For all the graphs y = ax:

• the y-intercept is always (0,1) because a0 = 1.
• the graph of the function lies entirely above the x-axis.
• the x-axis is an asymptote.

If a > 1, then as x increases so does y. Th is is called exponential growth.

If 0 < a < 1, then as x increases, y decreases. Th is is called exponential decay.

Key point 8.1

Gradient of an exponential graph

For an exponential growth graph the gradient also increases with x. In 
fact, the gradient is exactly proportional to the y value at every point on 
the graph. Let us illustrate this on some examples.

We can fi nd the gradient of a curved graph by drawing a tangent and 
calculating its gradient. Th e diagram below shows some tangents to the 
graph of y = 2x.

y

x
O

x −1 0 1 2

y 0.5 1.0 2.0 4.0

Gradient 0.35 0.7 1.4 2.8

A Level Mathematics for OCR
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Th e table shows the y values and the gradient for each of the points. You 
can check that gradient ≈ 0.69y.

You can do a similar calculation for the graph of y = 3.5x and fi nd that 
the  gradient ≈ 1.25y. A similar result holds for exponential decay graphs, 
except that the gradient is negative; for example, for y = 0.8x you would 
fi nd that the  gradient ≈ −0.22y.

Th ese examples suggest that the constant of proportionality depends on 
the base of the exponential. Th ere is one special value of the base where 
this constant is 1, so that the gradient at any point is exactly equal to the 
y value. Th is value is the number e, which you met in chapter 7.

We can extend this result to exponential functions of the form ekx for any 
constant k. Th e tables below show some y values and gradients for two 
diff erent exponential functions.

Remember that e ≈ 2.7. Since 
e > 1, ex is a type of exponential 
growth, while e 1

e
− =x

x⎛
⎝⎜
⎛⎛
⎝⎝

⎞
⎠⎟
⎞⎞
⎠⎠

represents exponential decay.

Tip

Th e gradient of ex equals ex.

Key point 8.2

y = e2x y = e−0.5x

x 0.25 0.5 0 1 2

y 1.6 2.7 1.0 7.4 54.6

Gradient 3.3 5.4 2.0 14.8 109.2

x 0.25 0.5 0 1 2

y 0.88 0.78 1.00 0.61 0.37

Gradient −0.44 −0.39 −0.50 −0.30 −0.18

Th is suggests the important result in key point 8.3.

Th e gradient of ekx equals kekx.

Key point 8.3

a Find the gradient of e1.2x when x = 2.6.
b Find the value of x when the gradient of e1.2x equals 15.
c Find the gradient of the graph of y = e1.2x at the point where y = 6.5.

a gradient = 1.2e1.2x Th e gradient equals 1.2 times the value of the function.

When x = 2.6 the gradient

= 1.2e1.2 × 1.6

= 27.2

WORKED EXAMPLE 8.1

Continues on next page ...

8  Exponential models
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b 1.2e1.2x = 15 We found the expression for the gradient in part a.

e1.2x = 12.5

1.2x = ln(12.5)

x = 2.1 to 2 signifi cant fi gures

Th is is an exponential equation. Isolate the exponential 
term and then use logarithms.

c gradient = 1.2y

= 1.2 × 6.5

= 7.8

Th e gradient is proportional to the y-value: we have 
found that the gradient = 1.2e1.2x, and y = e1.2x, so 
the gradient = 1.2y.

Changing the base of an exponential

Th e gradient of other exponential functions is more diffi  cult to fi nd. 
Luckily, any exponential function can be converted into an exponential 
with base e.

Given that 3x can be written in the form ekx, fi nd the value of k.

   3x = ekx

⇒ ln(3x) = ln(ekx) Th is is an exponential equation, so take a logarithm of 
each side. Since we want to fi nd k, choose base e.⇒ x ln 3 = kx

WORKED EXAMPLE 8.2

You can repeat a similar calculation for any base a. For example, 0.6x can 
be written as ekx with k ≈ −0.51.

Any exponential function ax can be written in the form ekx.

• If a > 1, k is positive and ekx represents exponential growth.
• If a < 1, k is negative and ekx represents exponential decay.

Key point 8.4

a Write 3
4

⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

x

 in the form ekx, giving the value of k to three signifi cant fi gures.

b Hence fi nd the gradient of 3
4

⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

x

 when x = 2.5.

WORKED EXAMPLE 8.3

Continues on next page ...

A Level Mathematics for OCR
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EXERCISE 8A

1  Match each exponential graph with its equation.

 a i y = 1.5x 

  ii y = ex 

  iii y = 0.7x

 b i y = e1.5x 

  ii y = e2.3x

 iii y = e−2x

 c i y = e−0.5x

 ii y = e−1.7x

a   
3

4
e⎛

⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞ =

x
kx .

⇒ =⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞
⎠⎠l

3

4

x

kx.

⇒ =⎛
⎝⎝⎝

⎞
⎠⎠⎠x k=⎛⎛⎛ ⎞⎞⎞ xkk3

4

⇒ = ≈ −⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞k ln .

3

4
0 288. 

Take ln of both sides to solve the equation for k.

Th e gradient of ekx is kekx.b The gradient of e−0.288x is −0.288e−0.288x.

When x = 2.5:

gradient = −0.288e−0.288 × 2.5.

= 0.14 to 2 signifi cant fi gures

y

A B

C

x
O

y

A B
C

x
O

y

A B

x
O

8  Exponential models
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2 Find an expression for the gradient of each function.

 a e3.2x  b e0.6x  c e−1.3x  d e−x

3 Find the gradient of each graph at the given value of x.

 a y = e3.5x when x = 0.8 b y = e2.9x when x = −1.2

 c y = e−1.2x when x = 3.6 d y = e−0.5x when x = −0.9

4 Find the gradient of each graph at the given value of y.

 a y = e1.5x when y = 17 b y = e4x when y = 0.6

 c y = e−0.6x when y = 3.5 d y = e−x when y = 0.5

5 Find the gradient of the graph of y = e1.5x when

 a x = −2.1 b y = 12

6 For the graph of e−2.3x:

 a fi nd the gradient when y = 0.5.

 b fi nd the value of x where the gradient is −2.5.

7  Th e graph of y = ekx has gradient 26 at the point where y = 8.

 a Find the value of k.

 b Find the gradient of the graph when x = −1.

8  Th e gradient of the graph of y = eax at the point where y = 4.6 equals −1.2. Find the value of x at the point 
where the gradient is −5.

9 a Find the value of k so that 8x = ekx.

 b Hence fi nd the gradient of the graph of y = 8x at the point where x = −0.5.

10  a Find the value of p such that 0.3x = epx.

 b Hence fi nd the gradient of the curve y = 0.3x at the point where y = 0.065.

Section 2: Graphs of logarithms
You need to know the graph of the natural logarithm function.

Th e graph of y = ln(x)

• passes through the point (0,1).
• has the y-axis as a vertical asymptote.

Key point 8.5

y

x
O 1

You can combine these facts with your knowledge of other graphs and 
graph transformations to solve a variety of problems.

For the many applications of logarithms, from geology to music, try the 
Extension Worksheet.

Elevate

A Level Mathematics for OCR
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EXERCISE 8B

1 a On the same diagram sketch the graphs of y = ln(x) and y = 2
x

.

 b Hence state the number of solutions of the equation x ln(x) = 2.

2 Sketch the graphs of y = ln(x) and y = ln(x − 2) on the same diagram. Label all intercepts with the 
coordinate axes.

3  Let k be a positive constant. Use a graphical method to prove that the equation kx + ln(x) = 0 has exactly 
one solution.

4  Th e graph of y = ln(x) can be transformed into the graph of y = ln(3x) either by a translation or by a stretch. 
Find the translation vector and the scale factor of the stretch.

5 a Sketch the graphs of y = 2 ln(x) and y = ln(x + 3) on the same graph.

 b Find the exact solution of the equation 2 ln(x) = ln(x + 3).

6 Given that log
10

(x) = k ln(x):

 a by raising 10 to the power of both sides, show that k =
1

10ln
.

b Describe fully the transformation that transforms the graph of y = ln(x) to the graph of y = log
10

(x).

Section 3: Exponential functions and mathematical 
modelling
You know that the gradient of an exponential function y = ekx is 
proportional to the y value. Th is means that if a quantity grows (or 
decays) exponentially, then its rate of change (the rate at which one 
variable changes in relation to another variable) is proportional to the 
quantity itself.

Th ere are many situations where the rate of change of a quantity is 
proportional to its size. Here are some examples:

• A population increases at a rate proportional to its size.
• Th e rate of a chemical reaction is proportional to the amount of the

reactant.
• Th e rate of radioactive decay is proportional to the amount of the

substance remaining.
• Th e value of an investment which is subject to compound interest

increases exponentially.

Exponential population growth is an example of a mathematical model 
where we try to capture the important part of a real-world situation using 
equations. Mathematical models are rarely perfect, so we should always 
be aware that they might not always work in predicting the real world. 
For example, there may be other factors that aff ect the rate of population 
growth (such as environmental conditions) that are not included in the 
exponential model.

The exponential function is 
the only function where the 
gradient is proportional to 
the y-value. Can you fi nd a 
proof? It relies on the fact that 
exponential is the only function 
for which f(x + y) = f(x)f(y).

Explore

You can use technology to 
investigate how different 
factors affect population 
growth. See Focus on … 
Modelling 2.

Focus on...
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In section 1 of this chapter, we only considered exponential functions 
of the form y = ax or y = ekx. All of these functions have the value 1 when 
x = 0. If we want an exponential model in which the initial value is 
diff erent from 1 (such as in worked example 8.4), we need to modify the 
equation by including another constant. In many exponential models 
the quantity varies with time, so in this section we will use t to denote the 
independent variable.

Th e number of bacteria in a culture medium is modelled by the equation N = 1000 × 24t, where t is the 
number of hours elapsed since 8 a.m..

a What was the size of the population at 8 a.m.?
b At what time will the population fi rst reach one million?
c What does this model predict about the size of the population in the long term? Explain why this is 

not a realistic prediction.

a N = 1000 × 20 = 1000 Th is is when t = 0.

b 1000 × 24t = 1000 000 We are solving the equation N = 1000 000.

24t = 1000 Isolate the term containing t.

log(24t) = log 1000 Take logarithms of both sides.

4t log 2 = 3 Use the rule log
a
x p = p log

a
x.

t = =
3

4 2
2 49

log
Divide both sides by 4 log 2.

The population will fi rst reach 1 million 

at 10:29.
0.49 × 60 = 29, so this is 2 hours 29 minutes after 
8 a.m..

c  The model predicts that the population will 

increase faster and faster.

This is not realistic, as the growth will 

eventually be limited by lack of food or space.

Th e exponential function grows with an 
increasing gradient.

WORKED EXAMPLE 8.4

For a function of the form y = Aekt:

• the initial value (when t = 0) is A.
• the rate of growth is ky = kAekt.

Key point 8.6
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Th e mass (m grams) of one of the substances in a chemical reaction is modelled by the equation m = Ae−1.2t, 
where t seconds is the time since the start of the reaction. Th e initial mass of the substance was 72 g.

a State the value of A.
b Find the rate at which the mass is decreasing 5 seconds after the start of the reaction.

a A = 72 A is the value of m when t = 0.

b When t = 5:

m = 72e−1.2 × 5 = 0.178

Th e rate of change is km, so we need to fi nd m 
fi rst.

The rate of change is

−1.2m = −1.2 × 0.178

             = −0.214

The mass is decreasing at the rate of 0.214 

grams per second.

Th e negative rate means that the amount 
is decreasing.

WORKED EXAMPLE 8.5

A population grows according to the exponential model, N = 250e0.02t, where t is measured in months. Find 
the rate at which the population is increasing after 7 months.

Which of the following solutions is correct? Identify the mistake in the other two.

Solution 1 Solution 2 Solution 3

Th e rate of change of ekx is kekx, 
so the rate of growth is:

0.02e0.02t = 0.02e0.14

= 0.023

Th e rate of change of ekx is kekx, 
so the rate of growth is:

250 × 0.02e0.02t = 5e0.14

= 5.75

Initial population is 250.

Population after 7 months is 
250e0.02 × 7 = 288

So the gradient is 288 250
7
− = 5.43.

WORK IT OUT 8.1

Sometimes you need to use experimental data to fi nd the parameters in 
the model.
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A simple model of a population of bacteria states that the number of bacteria (N thousand) grows 
exponentially, so that N = Aekt where t is time in minutes since the start of the experiment.

Initially, there were 2000 bacteria and after 5 minutes this number has grown to 7000.

a Find the values of constants A and k.
b According to this model, how many bacteria will there be in the dish after another 5 minutes?
c Give two reasons why this model will not provide a good prediction for the amount of bacteria in the 

dish 12 hours later.

a When t = 0:

2 = Ae0 ⇒ A = 2

When t = 5:

7 = Ae5k

Use the equation for t = 0 and t = 5. Remember that N is 
in thousands.

7 = 2e5k

e5k = 3.5

k = 1

5
ln3.5( 0.251)= Use logarithms to solve the equation for k.

b N = 2e10k

    ≈24

The model predicts that there will be 

24 000 bacteria.

In another 5 minutes, t = 10.

We need to use the value of k found in part a. Notice 
that, instead of using the actual value of k, we could use 
the fact that e10k = (e5k)2 = 3.52.

c  The model predicts that the bacteria 

population will continue growing indefi nitely, 

but it will eventually slow down as food and 

space become limiting factors.

The information given in the model is only 

approximate so in 12 hours, errors in this 

information may make the prediction far off  

the correct value.

You are not expected to have any technical biological 
knowledge, but you may need to apply general 
experience of the real world to interpreting and 
criticising models.

Th ere are many other possible criticisms of this model, 
so anything relevant would be acceptable. 

WORKED EXAMPLE 8.6

It would be inappropriate to quote many decimal places as an answer to 
part b. Even rounding to the nearest whole number suggests an accuracy 
hard to justify in this model. Generally, if all the information given to you 
is to one signifi cant fi gure, then the answer should also only be quoted to 
one signifi cant fi gure.

Tip
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EXERCISE 8C

1  An amount of £ C is invested in an account giving p % annual interest.

 a Find an expression for the value of the investment after 1 year in the following cases:

  i Th e interest is compounded annually.

  ii p
2

% interest is added twice a year.

iii p
4

% interest is added four times a year.

b If p
n

% is added n times a year, explain why the value of the investment after one year is V C p
n

n

+C ⎛
⎝
⎛⎛
⎝⎝

⎞
⎠
⎞⎞⎞
⎠⎠
⎞⎞⎞⎞1

100
.

c Investigate the behaviour of the sequence 1 1+⎛
⎝
⎛⎛⎛⎛
⎝⎝
⎛⎛⎛⎛ ⎞

⎠
⎞⎞⎞⎞
⎠⎠
⎞⎞⎞⎞

n

n

 as n increases.

 d  For the case of a (not very realistic!) 100% interest rate, fi nd an expression for the value of the 
investment after x years when the interest is compounded continuously.

2  In a yeast culture, cell numbers are given by N = 100e1.03t, where t is measured in hours after the cells are 
introduced to culture.

 a What is the initial number of cells?

 b How many cells will be present after 6 hours?

 c How long will it take for the population to reach one thousand?

 d At what rate will the population be growing at that point?

3  An algal population grows by 10% every day on the surface of a pond, and the area it covers can be 
modelled by the equation y = k × 1.1t, where t is measured in days. At 9 a.m. on Tuesday it covered 10 m2. 
What area will it cover by 9 a.m. on Friday?

4  A technology company is interested in predicting the number of mobile phones in the world. Th e number 
of mobile phones in billions (N) in t years is predicted to follow the model N = 2e0.1t + 1.

 a  According to the model, how many mobile phones are currently in the world?

 b  How many mobile phones does the model predict will exist in 10 years’ time? Give your answer to 3 
signifi cant fi gures.

5  Th e mass of a piece of plutonium (M grams) after t seconds is given by M = ke−0.01t.

 a Sketch the graph of M against t.

 b How long will it take to reach 25% of its original mass?

The procedure described in 
question 1 leads to one way 
to defi ne the number e. What 
other defi nitions of e can you 
fi nd?

Explore

π and e have many similar properties. Both are irrational, meaning that 
they cannot be written as a ratio of two whole numbers and both are 
transcendental, meaning that they cannot be written as the solution 
to a polynomial equation. The proof of these facts is intricate but 
beautiful.

Did you know?
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6   A population size is increasing according to an exponential model, N = N
0
eat, where t is time measured in

days. Initially the population size is 450 and is increasing at a rate of 90 per hour.

 a Find the values of N
0
 and a.

 b At what rate is the population increasing when its size is 750?

 c How long will the population size take to reach 2000?

7   Th e value of a new car is £6800. One year later the value has decreased to £5440.

 a  Assuming the value continues to decrease by the same percentage every year, write the model for 
the price of the car in the form V = Pekt.

 b What does this model predict the value of the car will be in 10 years’ time?

8   Th e population of Great Britain is currently 70 million and is predicted to grow by 2% each year due to 
births and deaths.

 a Write down a model for the population of Great Britain, P, at a time n years from now.

 b  Give two reasons why this model might not be valid when predicting the population of Great Britain 
in 2100.

9  A bowl of soup is served with temperature 35 °C above room temperature. Every 5 minutes, the 
temperature diff erence between the soup and the room air decreases by 30%. Assuming the room air 
temperature is constant the temperature can be modelled by T = kat where T is the temperature of the 
soup above room temperature and t is the time since the soup was served.

 a At what temperature will the soup be 7 minutes after serving?

 b If the soup was put into a thermos fl ask instead of a bowl, how would this aff ect the value of:

  i k ii a

10  Th e speed (V metres per second) of a parachutist t seconds after jumping from an aeroplane is modelled 
by the expression V = 40 (1−3−0.1t).

 a Find the initial speed.

 b What speed does the model predict that he will eventually reach?

11  Th e model I = 100e−2x is used to estimate the intensity of light (I) at a distance x metres away from a bulb.

 a By what factor has the light intensity dropped between 0 m and 1 m away from the bulb?

 b Prove that every 1 m further from the bulb produces the same factor reduction in light intensity.

Section 4: Fitting models to data
In worked example 8.6 we found the values of parameters A and k in the 
model N = Aekt by using the information about the number of bacteria 
when t = 0 and t = 5. In many real-life situations, models are not exact, 
or there may be inaccuracies in our measurements. Th is means that if 
we used the number of bacteria when, say, t = 10 we would get slightly 
diff erent values for N and k.
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To get a more reliable result it may be a good idea to use data from 
more than two measurements. Suppose you measure the number 
of bacteria every 5 minutes for half an hour. If you plot your results 
you might get a graph like the one here. It is very diffi  cult to draw an 
exponential curve that best fi ts the points. Th ere is a clever trick that 
turns this curve into a straight line.

Our equation for the population size is N = Aekt. You can take a 
logarithm of both sides:

ln N = ln(Aekt) = ln A + ln ekt = ln A + kt

If you write y = ln N and remember that ln A and k are unknown numbers, 
you may notice that this is the equation of a straight line: 

y = kt + ln A.

So, if we plot our data points with t on the x-axis and ln N on the y-axis, 
they should roughly follow a straight line with gradient k and y-intercept 
ln A.

But you know how to draw a line of best fi t and fi nd its gradient and 
y-intercept.

In our example, we can fi nd from the graph that the y-intercept is 0.8 and 
the gradient is 8 0 8

30
0 24=. . So:

k = 0.24 and ln A = 1 ⇒ A = e0.8 = 2.2

and the experimental data suggest that the model for the bacterial 
population growth is N = 2.2e0.24t.

You can perform a similar calculation when the base of the exponential is 
unknown. In that case you can take logarithms in any base (most people 
would use base 10 or base e).

100 20

t

N (thousands)

30 40

1000

0

2000

3000

You will learn more about 
lines of best fi t in chapter 16 
section 3.

Fast forward

If y = kbx then: log y = log k + x log b

• Th e graph of log y against x is a straight line with gradient log b and 
y-intercept log k.

Key point 8.7

100 20
t

ln N (thousands)

30 40

5

0

10

When one variable in a graph 
is a log, but not the other, you 
can call it a semi-log graph.

Did you know?

Th e mass of a piece of radioactive material decays exponentially, according to the model

M = Cbt

where M is the mass in grams, t is the time in seconds and C and b are constants. A physicist measures the 
mass several times and plots the points on a graph with t on the x-axis and log M on the y-axis. Th e line of 
best fi t has equation log M = 1.3 − 1.8t.

WORKED EXAMPLE 8.7

Continues on next page ...
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Estimate the values of C and b.

If    M = Cbt then:

log M = log C + log(bt)

= log C + t log b

Take logs of both sides to transform to an equation of a 
straight line.

Use rules of logs.

So

log C + t log b = 1.3 −1.8t

⇒log C = 1.3 and log b = −1.8 log C and log b are numbers which should match the 
coeffi  cients in the straight line equation.

C = 101.3 = 20.0

b = 10−1.8 = 0.0158

Remember that the logs are in base 10.

Many natural and man-made 
phenomena follow so-called 
power laws of the form = axn. 
Examples include distribution 
of common words, sizes of 
cities and corporations, and 
Kepler’s law for planetary orbits.

Did you know?

If y = axn then log y = log a + n log x.

Th e graph of log y against log x is a straight line with gradient n and 
y-intercept is log a.

Key point 8.8

When both variables in a graph 
are logs, you can call it a 
log–log graph.

Did you know?

A scientist thinks that variables x and y are related by an equation of the form y = axn. She collects the data 
and plots a scatter graph with log x on the horizontal axis and log y on the vertical axis. Th e points follow a 
straight line with gradient 2.6 and y-intercept −0.9. Find the values of a and n, and hence write an equation 
for y in terms of x.

If y = axn then

log y = log a + log(xn) = log a + n log x
Take logs of both sides to identify the gradient and 
the intercept.

gradient: n = 2.6

intercept: log a = −0.9 ⇒ a = 10−0.9 = 0.126

Th is is a straight line with gradient n and y-intercept 
log a.

So: y = 0.126x2.6

WORKED EXAMPLE 8.8

A variation on the above method can also be used for models of the 
form y = axn, where x is in the base of the exponential and the power is 
unknown. In this case, we need to take a logarithm of both variables in 
order to get a straight line graph.
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EXERCISE 8D

1  In each of the following examples variables x and y are related by 
y = Abx. You are given the equation of a straight line of ln(y) as a 
function of x. Find the values of the constants A and b.

 a ln y = 1.2x + 0.7 b ln y = 3.1 − 0.6x c ln y = 2.3x − 4

2  In each of the following examples variables x and y are related by 
y = Cxn. You are given the equation of a straight line of ln(y) as a 
function of ln(x). Find the values of the constants C and n.

 a ln y = 0.7x + 1.2 b 2.1 ln x − 4.7 c ln y = 2 − 0.9 ln x

3  A population of fi sh in a lake grows exponentially, and can be modelled by the equation N = Ae kt, where N 
is the number of fi sh and t is the number of months since the fi sh were fi rst introduced into the lake.

 a  Initially, 150 are introduced into the lake. Write down the value of A.

 b  After 10 months there are 780 fi sh in the lake. Find the value of k.

 c After how many months will the number of fi sh reach 2000?

 d  Comment on the suitability of this model for predicting the number of fi sh in the long term.

4  A rumour spreads exponentially through a school. When school begins (at 9 a.m.) 18 people know it. 
By 10 a.m. 42 people know it.

 Let N be the number of people who know the rumour after t minutes.

 a Find constants A and k so that N = Aekt.

 b How many people know the rumour at 10:30?

 c  Th ere are 1200 people in the school. According to the exponential model at what time will everyone 
know the rumour?

5  A scientist is modelling exponential decay of the amount of substance in a chemical reaction. She 
proposes a model of the form M = Kct where M is the mass of the substance in grams, t is the time in 
seconds since the start of the reaction, and K and c 
are constants. Th e mass of the substance is recorded 
for the fi rst six seconds of the reaction. Th e graph of 
ln(M) against t is shown.

 a  Th e points are found to lie on a straight line. Find 
its equation, giving parameters to 2 signifi cant 
fi gures.

 b Hence fi nd the values of K and c.

 c  How long, to the nearest second, will it take for 
the mass of the substance to fall below 1 gram?

If you study the Further Mathematics Statistics option you will learn how 
to use your calculator to fi nd the equation of the line of best fi t on a 
scatter graph. You will then be able to apply these techniques to real 
experimental data.

Fast forward

10 2

T

ln (M)

3 4 5

(1, 1.83)

6

1

0.5

1.5

2

2.5

(6, 1.02)

For more practice of questions 
like this, see the Support 
Worksheet. 

Elevate
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6  A model for the size of the population of a city predicts that the population will grow according to the 
equation P = Ctn, where P thousand is the number of people and t is the number of years since the 
measurements began. Th e graph shows y = ln(P) plotted against x = ln(t).

1.51

ln t

ln P

2 2.5

3.5

3

4

4.5

5

 a  Draw a line of best fi t on the graph and fi nd its equation in the form y = mx + c.

 b Hence estimate the values of C and N.

 c  According to this model, after how many years will the population fi rst exceed 200 000?

•  For all the graphs y = ax:

•  Th e y-intercept is always (0,1), because a0 = 1.

•  Th e graph of the function lies entirely above the x-axis.

•  Th e x-axis is an asymptote.

•  If a > 1, then as x increases so does y. Th is is called exponential growth.
•  If 0 < a < 1, then as x increases, y decreases. Th is is called exponential decay.
•  Exponential functions are often used to model situations where the rate of growth is proportional to the

amount present.

•  Th e gradient of ekx equals kekx.

•  In a model of the form y = Aekt the initial value is A and the rate of change equals ky.

•  Th e graph of y = ln(x)

•  passes through (1,0).

•  has the y-axis as an asymptote.

•  Logarithms can be used to turn some curved graphs into
straight lines; this is used to estimate parameters in models.

• If y = kbx then: log y = log k + x log b.

•  Th e graph of log y against x is a straight line with gradient
log b and y-intercept log k.

• If y = axn then: log y = log a + n log x.

•  Th e graph of log y against log x is a straight line with gradient n and y-intercept n.

Checklist of learning and understanding

y

x
O 1
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Mixed practice 8
1  a Sketch the graph of y = e0.8x.

 b Find the gradient of your graph at the point where x = 3.

c Use your graph to determine the number of solutions of the equation e0.8x = 
1
x

.

2  Th e amount of substance in a chemical reaction is decreasing according to the 
equation m = 32e−0.14t, where m grams is the mass of the substance, t seconds after 
the start of the reaction.

 a State the amount of the substance at the start of the reaction.

 b  At what rate is the amount of substance decreasing 3 seconds after the start of 
the reaction?

 c How long will it take for the amount of substance to halve?

3  Use graphs to fi nd the number of solutions of the equation ln x
x

= 3
2 .

4  Th e volume of a blob of algae (V) in cm3 in a jar is modelled by V = 0.4 × 20.1t where 
t is the time in weeks.

 a What is the initial volume of the algae?

 b How long does it take for the volume of algae to double?

 c  Give two reasons why the model would not be valid for predicting the volume 
in 10 years’ time.

5  A patient is being treated for a condition by having insulin injected. Th e level of 
insulin (I) in the blood t minutes after the injection is given by I = 10e−0.05t + 2 in 
units of microunits per millilitre (μU/ml).

 a What is the level of insulin immediately after the injection?

 b  Th ere is a danger of coma if insulin levels fall below 1.8 μU/ml. According to the 
model, will this level be reached? Justify your answer.

6  It is thought that the global population of tigers is falling exponentially. Estimates 
suggest that in 1970 there were 37 000 tigers but by 1980 the number had dropped 
to 22 000.

 a  A model of the form T = kan is suggested, connecting the number of tigers (T) 
with the number of years (n) after 1970.

  i Show that 22 000 = ka10.

  ii Write another similar equation and solve them to fi nd k and a.

 b What does the model predict the population will be in 2020?

 c  When the population reaches 1000, the tiger population will be described as 
‘near extinction’. In which year will this happen?

7  A zoologist believes that the population of fi sh in a small lake is growing 
exponentially. He collects data about the number of fi sh every 10 days for 50 days. 
Th e data are given in this table:

Time (days) 0 10 20 30 40 50

Number of fi sh 35 42 46 51 62 71

8  Exponential models
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 Th e zoologist proposes a model of the form N = Aekt where N is the number of fi sh 
and t is time in days. In order to estimate the values of the constant A and k he 
plots a graph with t on the horizontal axis and ln(N) on the vertical axis.

 a  Explain why, assuming the zoologist’s model is correct, this graph will be 
approximately a straight line.

 b  Complete the table of values for the graph:

T 0 10 20 30 40 50

ln(N) 3.56 3.83 3.93 4.26

 c  Find the equation of the line of best fi t for the above table. (Do not draw the 
graph.) Hence estimate the values of A and k.

 d  Use this model to predict the number of fi sh in the lake when t = 260.

 e  Th e zoologist fi nds that the number of fi sh in the lake after 260 days is actually 
720. Suggest one reason why the observed data does not fi t the prediction.

8  Quantities m and t are related by an equation of the form m = atp, where a and p 
are constants. Th e graph of log (m) against log (t) is a straight line which passes 
through the points (2,5) and (4,0). Find the values of a and p.

9  A substance is decaying in such a way that its mass, m kg, at time t years from 
now is given by the formula m = 240e−0.04t.

 a Find the time taken for the substance to halve its mass.

 b Find the value of t for which the mass is decreasing at a rate of 2.1 kg per year.

[OCR AS/A Level Mathematics – Core 3 June 2007]

10  Th e mass, M grams, of a certain substance is increasing exponentially so that, at 
time t hours, the mass is given by M = 40ekt, where k is a constant. Th e following 
table shows certain values of t and M.

t 0 21 63

M 80

 a In either order:

  i fi nd the values missing from the table

  ii determine the value of k.

 b Find the rate at which the mass is increasing when t = 21.

[OCR AS/A Level Mathematics – Core 3 January 2009]

11  Radioactive decay can be modelled using an equation of the form m = m
0
e−kt

where m is the mass of the radioactive substance at time t, m
0
 is the initial 

mass and k is a positive constant. Th e half-life of a radioactive substance is the 
length of time it takes for half of the substance to decay. A particular radioactive 
substance has a half-life of 260 years. Find the value of k.

A Level Mathematics for OCR
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12  Th e speed, V ms−1, of the parachutist, t seconds after jumping from the aeroplane, 
is modelled by the equation V = 42(1 − e−0.2t).

 a What is the initial speed of the parachutist?

 b What is the maximum speed that the parachutist could reach?

 c  When the parachutist reaches 22ms−1 he opens the parachute. How long is he 
falling before he opens his parachute?

13  When a cup of tea is fi rst made its temperature is 98 °C. After two minutes the 
temperature has reached 94 °C. Th e room temperature is 22 °C and the diff erence 
between the temperature of the tea and the room temperature decreases 
exponentially.

 a  Let T be the temperature of the tea and t be the time, in 
minutes, since the tea was made. Find the constants C and t so that 
T − 22 = Ce−kt.

 b Find the time it takes for the tea to cool to 78 °C.

8  Exponential models
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Translating information into equations
Th e aim of a mathematical model is to describe a real-life situation using equations, which can then be 
solved and used to make predictions.

In this section we look at writing diff erential equations – these are equations involving the rate of change of 
a quantity. You need to remember the following:

• Th e rate of change of y with respect to x is
 

d
d

yd
x  

(chapter 13).

• ‘y is proportional to x’ means that y = kx for some constant k (chapter 5).

In many examples, ‘rate of change’ means change in time; however, look 
out for examples where this is not the case.

Tip

When writing diff erential equation, we usually have some information about particular values of the 
quantities involved. Sometimes we can use those to fi nd constants in the equation (such as the k in y = kx), 
but sometimes we need to wait until we have solved the equation.

You will learn how to solve some differential equation in Student Book 2.

Fast forward

Th e speed of an object decreases at the rate proportional to the square root of its current speed. 
When the speed is 12 m s–1 it is decreasing at the rate of 1.5 m s–2. Using v for speed and t for time, 
write an equation to represent this information.

d
d

v
t

k v= − ‘Rate of change’ means the derivative with respect 
to time.
Th e speed is decreasing, so we write ‘− k’ to 
emphasise this.

When v = 12,
 

d
d

v
t

= −1 5:

− = −1 5 12k

⇒ = =k
12

1 5

4 3

3

We can use the given information to fi nd k.
Remember that the rate of change is negative.

So the equation is

d

d

v
t

v= −
4 3

3

FOCUS ON … MODELLING 2
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In one possible model of population growth, the rate of growth depends on two factors: it is 
proportional to the current size of the population, and also proportional to cos (30t). (Th e last 
factor represents seasonal breeding patterns.) When the measurements began the population 
size was 160. Using N for the size of the population and t for time measured in months, write a 
diff erential equation to represent this information.

d

d

N
t

kN= ( )tcos( Both factors need to be multiplied together. Don’t 
forget to include the constant of proportionality.

We only have information about N when t = 0, so we 
can’t fi nd k until we have solved the equation.

Exercise

Write a diff erential equation to represent each situation. Where possible, fi nd the values of any constants.

1 A population of a new town (N thousand) increases at a rate proportional to its size. Initially, the size 
of the population is 3500 and it is increasing at the rate of 120 per year. 

2 During the decay of a radioactive substance, the rate at which mass is lost is proportional to the 
mass present at that instant. Use m for the mass of the substance in grams and t  for the time in 
seconds. Initially there is 24 g of the substance, and the mass is decreasing at the rate of 1.2 g/sec.

3 In an electrical circuit, the voltage is decreasing at a rate proportional to the square of the present 
voltage. When the voltage is 25 volts it is decreasing at a rate of 2 volts per second.

4 Newton’s law of cooling states that the rate at which a body cools is proportional to the diff erence 
between its temperature and the temperature of its surroundings. A cup of tea is initially at 100 °C 
and is cooling at the rate of 2 °C min–1 in a room of temperature 24 °C. Use T for the temperature and 
t for time (in minutes).

5  A metal rod, of length 48 cm, is heated at one end. After a while, the temperature remains 
constant in time. However, the temperature varies along the length of the rod, decreasing at a rate 
proportional to the distance from the hot end. Th e temperatures at the two ends are 230 °C and 5 °C. 
Use T for temperature and x for the distance from the hot end (measured in cm).

6  Th e water pressure in the sea increases with depth. Th e pressure (p) at depth h is proportional to the 
density of the sea water (ρ). Th e density also varies with depth, and is modelled by the equation 
ρ = 1000(1 + 0.001h). Write a diff erential equation for the rate of increase of pressure with depth.

7  A rumour spreads at a rate proportional to the square root of the number of people who have already 
heard it, and inversely proportional to the time it has been spreading. After 5 minutes, 25 people 
have heard the rumour and it is spreading at the rate of 3 people per minute. Write N for the number 
of people who have heard the rumour and t for the time, in minutes, since the rumour started. Write 
a diff erential equation to model this situation, and explain why the model needs to be modifi ed for 
small values of t.

8  A cylindrical tank has base radius 1.2 m. Water leaks out of the tank so that the rate at which the 
volume is decreasing is proportional to the height of the water remaining in the tank. Initially the 
height of water is 2.5 m and it is decreasing at the rate of 0.05 per minute. Find an equation for the 
rate of change of volume of water in the tank.

FOCUS ON … MODELLING 2
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1 What is the probability of getting an average of 3 on two rolls of a fair die? 

2  Th e discrete random variable X has the probability distribution:

 P(X = x) = ln kx for x = 1, 2, 3, 4. Find the exact value of k. 

3 A biased six-sided die follows the probability distribution:

x 1 2 3 4 5 6

P(X = x) 0.12 0.18 p 0.27 0.22 0.08

4 Each day, the research department of a retail fi rm records the fi rm’s daily income, to be used for 
statistical analysis. Th e results are summarised by recording the number of days on which the daily 
income is within certain ranges.

 a  Th e histogram shows the results for 300 days. By considering the total area of the histogram:

0 1000 2000 3000 4000 5000 6000

Fr
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ty

Daily income (£)

  i fi nd the number of days on which the daily income was between £ 4000 and £ 6000.

  ii  calculate an estimate of the number of days on which the daily income was between £ 2700 
and £ 3200.

b  Th e research department off ers to provide any of the following statistical diagrams: histogram, 
frequency polygon, box-and-whisker plot, cumulative frequency graph, stem-and-leaf diagram 
and pie chart.

Which one of those statistical diagrams would most easily enable managers to

  i     read off  the median and quartile values of the daily income.

  ii   fi nd the range of the top 10% of values of the daily income?

[OCR AS/A Level Mathematics – Statistics 1 January 2006]

CROSS-TOPIC REVIEW EXERCISE 3
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5  All students in a class recorded how long, in minutes, it took them to travel to school that morning. 
Th e results are summarised in a cumulative frequency table:

Time in minutes (t) Cumulative frequency

0 < t ≤ 6 0

0 < t ≤ 10 6

0 < t ≤ 15 12

0 < t ≤ 20 22

0 < t ≤ 30 38

0 < t ≤ 45 45

a Fill in the following frequency table:

Time in minutes (t) Frequency

0 < t ≤ 6 6

6 < t ≤ 10

10 < t ≤ 15

15 < t ≤ 20

20 < t ≤ 30

30 < t ≤ 45 

b Th e same company builds 25 buildings.

  i Calculate the probability that 20 of them are competed on time.

  ii What assumptions did you need to make in your calculation?

x 1 2 3 4

P(X = x) 0.26 e–k e–2k 0.50

6  Th ree data items are collected: 3, x2 and x. Find the minimum possible value of the mean.

7  Th ree data items are collected: 3, 7, x. Find the smallest possible value of the variance.  

8  At a building site the probability, P(A), that all materials arrive on time is 0.85. Th e probability, P(B), 
that the building will be completed on time is 0.60. Th e probability that the materials arrive on time 
and that the building is completed on time is 0.55.

a Show that events A and B are not independent.

b Th e same company builds 25 buildings.

  i Calculate the probability that 20 of them are competed on time.

  ii  What assumptions did you need to make in your calculation?

c  Th e company made some improvements to their procedures. After this, 20 out of the next 25 
buildings were completed on time. Test at the 5% signifi cance level whether the probability of a 
building being completed on time has increased.

Cross-topic review exercise
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