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1  The equation of a curve in the x-y plane satisfies the differential equation
d*y

d
3 +4ay +8y = 3242,

(i) Find the general solution. [10]

The curve has a minimum point at the origin.

(ii) Find the equation of the curve. [4]
(iii) Describe how the curve behaves for large negative values of x. [2]
(iv) Write down an approximate expression for y, valid for large positive values of x. [1]
(v) Sketch the curve. [3]

(vi) Use the differential equation to show that any stationary point below the x-axis must be a
minimum. [4]

2 (a) (i) Find the general solution of

% +2y=e, [6]
(ii) Find the solution of
% +2z=y,
where y is the general solution found in part (i), subject to the conditions that z = 1 and
%:Owhenz‘:O. [7]

(b) The differential equation
dx
& +2x =sint
is to be solved.

(i) Find the complementary function and a particular integral. Hence state the general solution.

[6]
(ii) Find the solution that satisfies the condition @ =0 whent=0. [3]
(iii) Find approximate bounds between which x varies for large positive values of 7. [2]
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3  Water is leaking from a small hole near the base of a tank. The height of the surface of the water
above the hole is y m at time 7 minutes.

()

(ii)

(iii)

(iv)
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Consider first a cylindrical tank. The height of the water is modelled by the differential equation

dy
= = kY,
dr vy
where k is a positive constant. The height of water is initially 1 m and after 2 minutes it is 0.81 m.

Find y in terms of ¢, stating the range of values of ¢ for which the solution is valid. Sketch the
solution curve. [10]

Now consider water leaking from a conical tank. The height of the water is modelled by the
differential equation

d
nyzd—); = —0.4v5.

Find how long it takes the height to decrease from 1 m to 0.81 m. [5]

Now consider water leaking from a spherical tank. The height of the water is modelled by the
differential equation

d
n(ay - ') 5 = ~0.473,

where a is the diameter of the sphere.

This equation is to be solved by Euler’s method. The algorithm is given by 7., =1, + h,
Y,.; =Y, +hy . The diameter is 2 m and initially the height is 1 m.

Use a step length of 0.1 to estimate the height after 0.2 minutes. [5]

For any tank, the velocity of the water leaving the hole is proportional to the square root of the
height of the surface of the water above the hole.

By considering the rate of change of the volume of water, derive the differential equation

dy
= -k
dr vy

for the cylindrical tank in part (i). 4]

[Question 4 is printed overleaf.]
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4 At time ¢, the quantities x and y are modelled by the simultaneous differential equations

dx
i 2x — S5y +9e7%,
d
d_)t; =x—4y+3e 2.
(i) Show that S5 4 2% _ 3y 3 [5]
de?  “dr - '

(ii) Find the general solution for x. [8]
(iii) Find the corresponding general solution for y. [4]
Initially x =0 and y = 2.

(iv) Find the particular solutions. [4]

(v) Describe the behaviour of the solutions as ¢ — oo.

State, with reasons, whether this behaviour is different if the initial value of y is just less than 2,
and the initial value of x is still O. [3]
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