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The displacement, xm, of a particle at time ¢s is given by the differential equation

d’x | ,dx B
d12+2df 3x =6cos¢t.

(i) Find the general solution. [8]
The particle is initially at rest, and its displacement remains bounded as ¢ — oo.
(i) Find the particular solution for x. [4]

(iii) Show that for large values of 7 the motion of the particle is oscillatory. Find the approximate amplitude
of the oscillations. 2]

On another occasion, the displacement of the particle satisfies the differential equation

d’x d%x dx
?4'2?—35— 0.

In this case, the particle is initially at the origin with acceleration 6ms *and velocity km s, where k is a
positive constant.

(iv) Find the particular solution for x in terms of ¢ and £. (8]

(v) Show that, whatever the value of 4, the displacement of the particle cannot remain bounded for large
values of 7. 2]

(a) A small particle moving in a fluid satisfies the differential equation

dv _ 2
T 0.25(\/ +2v),

where vms ™ is its velocity at time ¢s.
Given that v =20 when ¢ = 0, find the particular solution for v in terms of ¢. [8]
(b) The differential equation

d
xay—4y=x3\/}

is to be solved for x > 0, subject to the initial condition y = 0 when x = 1.

(i) Find the particular solution for y in terms of x. [10]
(i) Find the x-coordinate of the stationary point on this solution curve. [2]
dy

(iii) State the value of —— when x = 1. State also the limiting value of y as x — 0. Hence, given that

dx

the stationary point is a minimum, sketch a graph of your solution to part (i). [4]
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d
(a) The differential equation Ey =+/x*+y? is to be investigated, firstly by means of a tangent field and
then numerically.

d
(i) Describe fully the isocline ay = m where m is a positive constant. [1]
d
(ii) In the Answer Book, sketch on the given axes the isoclines ay =m for m = %, 1, 2 and 3 and
hence draw a sketch of the tangent field. [4]

(iii) Sketch on your tangent field the solution curve through the point (0.5, 0.5) and the solution curve
through the point (2, 0). [3]

The differential equation is now to be solved numerically using Euler’s method. The algorithm is given
by

X, =X th, Voo =y thy,

r+1
with (x,, y,) = (0.5,0.5).
(iv) Use a step length of 0.05 to estimate y when x = 0.65. 4]

(v) How might the accuracy of your estimate for y be improved? 1]

(b) Consider the differential equation

dy _ .2
I +y=x"—1.
(i) Find the complementary function and the particular integral and hence state the general solution
for this differential equation. [6]
(ii) Find the particular solution for which y = 3 when x = 0. [2]

(iii) Show that y is always positive and sketch the solution curve for y. You do not need to find the
coordinates of any stationary points. [3]

Question 4 begins on page 4
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4  Two species of insects, X and Y, compete for survival on an island. The populations of the species are x and
y respectively at time #, where ¢ is measured in tens of years. The situation is modelled by the simultaneous
differential equations

dr _
T 2x+2y,
dy
T 6y —4x.
(i) Eliminate y to obtain a second order differential equation for x in terms of 7. Hence find the general
solution for x. (7]
(ii) Find the corresponding general solution for y. [4]
When ¢ =0, % = 10 and the population of species Y is k times the population of species X, where £ is a

positive constant.
(iii) Find the particular solutions for x and y, in terms of # and £. [5]
Consider the case k= 6.

(iv) Determine whether the model predicts that species X or species Y dies out first. State the value of ¢ at
which this first species dies out. 71

(v) Comment on why the time predicted by the model for the second species to die out is unreliable.  [1]
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