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Teacher Delivery Guide Pure Mathematics: 1.08 Integration

	OCR
Ref.
	Subject Content
	Stage 1 learners should…

	Stage 2 learners additionally should…

	DfE Ref.

	1.08 Integration

	1.08a
	Fundamental theorem of calculus
	a) Know and be able to use the fundamental theorem of calculus.


i.e. Learners should know that integration may be defined as the reverse of differentiation and be able to apply the result that , 
for sufficiently well-behaved functions.

Includes understanding and being able to use the terms indefinite and definite when applied to integrals.
	 
	MH1

	1.08b
1.08c
	Indefinite integrals
	

b) Be able to integrate  where  and related sums, differences and constant multiples.
 


Learners should also be able to solve problems involving the evaluation of a constant of integration e.g. to find the equation of the curve through  for which.

	



c) Be able to integrate , , ,  and related sums, differences and constant multiples.




[Integrals of , and will be given if required.]


This includes using trigonometric relations such as double-angle formulae to facilitate the integration of functions such as .
	MH2

	1.08d

1.08e
1.08f
	Definite integrals and areas
	d) Be able to evaluate definite integrals.

e) Be able to use a definite integral to find the area between a curve and the x-axis.

This area is defined to be that enclosed by a curve, the
 x-axis and two ordinates. Areas may be included which are partly below and partly above the x-axis, or entirely below the x-axis.


	

f) Be able to use a definite integral to find the area between two curves.

This may include using integration to find the area of a region bounded by a curve and lines parallel to the coordinate axes, or between two curves or between a line and a curve.

This includes curves defined parametrically.

	MH3

	1.08g
	Integration as the limit of a sum

	 
	g) Understand and be able to use integration as the limit of a sum.

In particular, they should know that the area under a graph can be found as the limit of a sum of areas of rectangles.

See also 1.09f.


	MH4

	1.08h















	Integration by substitution 
	 
	h) Be able to carry out simple cases of integration by substitution. 

Learners should understand the relationship between this method and the chain rule.




Learners will be expected to integrate examples in the form , such as  or , either by inspection or substitution.




Learners will be expected to recognise an integrand of the form such as  or .

Integration by substitution is limited to cases where one substitution will lead to a function which can be integrated. Substitutions may or may not be given.



Learners should be to find a suitable substitution in 
integrands such as or
	MH5

	1.08i


	Integration by parts 
	
	i) Be able to carry out simple cases of integration by parts.

Learners should understand the relationship between this method and the product rule.


Integration by parts may include more than one application of the method e.g. .


Learners will be expected to be able to apply integration by parts to the integral of  and related functions.

[Reduction formulae are excluded.]

	MH5

	1.08j
	Use of partial fractions in integration
	
	j) Be able to integrate functions using partial fractions that have linear terms in the denominator.



i.e. Functions with denominators no more complicated than the forms  or .

	MH6

	1.08k
	Differential equations with separable variables
	
	k) Be able to evaluate the analytical solution of simple first order differential equations with separable variables, including finding particular solutions.

Separation of variables may require factorisation involving a common factor.

Includes: finding by integration the general solution of a differential equation involving separating variables or direct integration; using a given initial condition to find a particular solution. 

	MH7

	1.08l
	Interpreting the solution of a differential equation
	
	l) Be able to interpret the solution of a differential equation in the context of solving a problem, including identifying limitations of the solution.

Includes links to differential equations connected with kinematics.



e.g. If the solution of a differential equation is , where  is the velocity of a parachutist, describe the motion of the parachutist.

	MH8
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DISCLAIMER
This resource was designed using the most up to date information from the specification at the time it was published. Specifications are updated over time, which means there may be contradictions between the resource and the specification, therefore please use the information on the latest specification at all times. If you do notice a discrepancy please contact us on the following email address: resources.feedback@ocr.org.uk
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Thinking Conceptually
General approaches:
The key starting point here is to identify that integration is the reverse of differentiation. If the understanding of differentiation is not in place, then this topic is much more difficult. If it is being taught at a separate time to differentiation then a recap may be useful before beginning, if it being taught as a direct follow up, or at the same time, this should not be necessary.  



Polynomial integration should be relatively straightforward with the exception of the constant .  Although slope fields are not covered by A-Level they are useful for demonstrating the differing values of the constant , and technology can be very useful for visualising and experimenting with the family of curves that are generated by integration.
The understanding of the integral as the set of all possible functions that differentiate to give the integrand is a fundamental part of the topic and makes the understanding of general and particular solutions of differential equations much more straightforward.

Integration can sometimes be taught as lots of different processes. This is not usually beneficial.  The learners are better off seeing integration as a single process with a number of different routes with which to achieve it. To understand that all methods of integration serve the same purpose and that it may be possible to integrate the same function a number of different ways to attain the same result is invaluable.

That there are two purposes to integration should also be made clear. One being to find the original function given its gradient is perhaps the most obvious when considering it as the reverse of integration. However, it is also an infinite summation process and therefore can be used to calculate the area. This can and should be done visually so that they understand both its nature and as a consequence that areas below the axis are negative.
Common misconceptions or difficulties learners may have:


The constant is one of the most common misconceptions here. Often when differentiation is taught learners are informed that a constant term “just disappears”. If this is taught in relation to the transformation of graphs, so that the constant term simply moves the graph up or down and does not affect the gradient, then adding it back in at the end is less problematic. The function, as a result of integration is the simplest case and could actually be any of a number of parallel functions.  This process also helps understand why, when solving differential equations, it is not necessary to add  to both sides of the equation which is something a number of learners often want to do by extension of the rote learnt integration method.

If integration is taught as lots of separate methods then learners will rarely see the link between them. This can lead to a significant difficulty in grasping the whole concept of integration. Although teaching integration as a single topic (and combined with differentiation) can be daunting to both teachers and students, in the long term it does pay off and avoids confusion when it comes to the less specific questions to be expected in linear assessments.

The slightly lazy approach to integration by substitution of not worrying about the limits until the end does not really help learners. If they are taught to identify all the aspects that need changing right from the start; the function itself, the operator and the limits then this section makes far more sense.


Conceptual links to other areas of the specification:
 
1.01 Proof: Many of the integration techniques can be proved at a relatively simple level and so an understanding of the nature of proof is required.

1.02a Indices: Much of the early work on integration relies on the ability to manipulate indices particularly working with negative and fractional indices.

1.02j Polynomials: The manipulation of polynomials is essential to being able to arrange functions in a form that can be integrated.

1.02m – r Curve Sketching: Underlying the work on integration is a basic knowledge of the shape of the graph and how that would affect the calculation of the area, particularly finding where the graph crosses the axis.

1.02u – v Functions: the notation of functions forms the basis of integration notation and so its knowledge and format is useful here.

1.02w – x Graph Transformations: The knowledge of how a graph can be transformed and which transformations do or do not have an impact on the area.

1.02y Partial Fractions: Section 1.08j is focused on the use of partial fractions.

1.02z Models in Context:  The work on differential equations makes significant use of the idea of modelling.

1.05 Trigonometry: Almost all of this section becomes fundamental to the work on integration.  From the use of trigonometric identities to replace functions and make them easier to integrate through to the fact that all work involving trigonometric functions works in radians and the use of exact answers in indefinite integration.

1.06a & b Exponentials and Logarithms: These sections relate directly to the understanding of the gradient function and consequently works in reverse for integration.

1.06f Laws of Logarithms: This is useful in order to be able to simplify the answers to integration.

1.06i Modelling using Exponential Functions: as with 1.02z the work on differential equations makes significant use of the idea of modelling.

1.07 Differentiation : As this is the reverse of integration then a failure to understand the first will leave the other on very shaky ground.
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Thinking Contextually
A visual approach for much of this work is vital to the learners understanding. There are clearly two key points to focus on here, one is that of finding the original function from the gradient and the second is in finding the area under the curve.  In terms of applications the latter tends to be the more prominent.  Its application in mechanics, in variable acceleration, particularly in finding the distance travelled as the area under the graph is perhaps the most common usage for learners.  In the statistics component it is used to find the probability as the area under a probability density function. Although this calculation is now done on a calculator it is worthwhile pointing out to learners what it is they are doing and the understanding of probability as the area under the normal curve is part of the content.

Much of mechanics at a higher level and engineering at university relies on the ability to solve differential equations in some form or another. This is touched upon at a basic level here, however once again it is important for learners to know what is that they can achieve in the long term were they to pursue this further.
Past paper examples

2018 H230/01 	Q 4: 	Includes a routine indefinite integration with surds.
[bookmark: _GoBack]2018 H230/02	Q 8: 	9 mark problem solving question investigating a given value for the area enclosed between curve, x-axis and unknown limits.
2018 H240/01 	Q12: 	10 mark problem solving question investigating area enclosed between curve and normal to curve.
2018 H240/01 	Q13: 	Modelling question involving setting up and solving differential equations for insect populations.
2018 H240/02 	Q 7: 	7 mark problem solving question to find area of a symmetrical shape defined by quadratic equation and its transformations in lines of reflection. 
2018 H240/03	Q 5:	question comparing results from numerical integration and analytical integration.
2018 H240/03	Q 7:	9 mark problem where candidates are given the gradient of a curve with a differential equation and coordinates through which the curve passes. Candidates are required to determine the equation of the function in a specific fractional format.
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Resources
	Title
	Organisation
	Description
	Ref

	Integration Check In
	OCR
	Questions relating to section 1.08 of the new AS/A Level Maths specification.
	1.08

	Constant of integration
	Geogebra
	A visual demonstration that shows that the constant of integration has no effect on the gradient function.
	1.08a

	Can you find... curvy cubics edition
	Underground Maths
	This activity gets students thinking about how they can use their knowledge of derivatives and work “backwards”, which is often a fruitful way of working. The problem could be used to check or consolidate understanding of stationary points or to motivate integration. It could also be used without any calculus as a sketching activity when exploring the nature of cubic curves.
	1.08a

	Introduction to integration
	Maths is fun
	A basic guide to the foundations of integration with 10 multiple choice questions to follow.
	1.08a and 1.08b

	Integral chasing
	Underground Maths
	a great little activity to practise algebra skills and integration together. Students work out the four definite integrals, giving results in terms of the unknowns a, b, c and d whose values can then be determined.
The form of the last integral makes it clear that answers must be integers and it’s unlikely that students will get an incorrect integer solution so there is an element of self-checking.
	1.08b

	Integration rules
	Maths is fun
	This takes the basic rules of integration and puts them into practice.
	1.08b and 1.08c

	Integration as the reverse of differentiation
	Maths centre
	A fairly formal approach to integration that covers polynomials alongside the other basic identities.
	1.08b and 1.08c

	Trigsy integrals
	Underground Maths
	Students are asked to think about the different ways they can integrate trigonometric functions such as sin2x and arccosx using their knowledge of the functions and basic ideas from calculus. The resource provides opportunities to review the difference between a definite integral and an area between the curve and an axis, as well as to highlight how transformations can help when dealing with integrals involving trigonometric functions.
These questions could also be returned to when students have learned the techniques of integration by substitution and parts. Does their approach change? Which can now be done in different ways?
	1.08c

	Stretching an integral
	Underground Maths
	This resource offers an approach via transforming the graph of y=1x without needing calculus tools. It is a structured resource designed to lead students to the amazing result that the area under the graph behaves as a logarithm. Many students have been intrigued to see how seemingly disparate topics (transformations, integration and logs) combine to give this result.
	1.08c

	Additional integrals
	Underground Maths
	This problem asks students to think about links between some related integrals.
	1.08d

	Problem areas
	Underground Maths
	The two functions explored in this problem share several key features, such as symmetry, but differ in that the area under one can be evaluated exactly (without using integration). It is worth noticing that this problem can be solved very quickly by plotting the two functions on the same axes but students should also be encouraged to dig deeper and consider each function in its own right too.

It is interesting to think about the effectiveness of methods of estimation with regards the second function. The trapezium rule very quickly provides a surprisingly good approximation - why it does so for this function (and not others) is worth discussing.
	1.08e

	What else do you know?
	Underground Maths
	This problem reinforces the importance of considering what functions look like. The resource presents an image of a part of an unknown function. Students are given the area under the curve in a specified region and asked to consider what they can deduce about a selection of related integrals involving transformations of the original function. This is a problem that challenges students to apply geometrical reasoning to something that they might usually only consider algebraically. The subtle difference between the value of the integral and the value of the area under the curve will come out when tackling this problem.
	1.08e

	Integration to find areas
	Maths centre
	A very algebraic approach, although it has a reasonable range of examples and questions throughout.
	1.08e and 1.08f

	Area between curves
	Geogebra
	A visual demonstration to show the area between a curve and a line
	1.08f

	Meaningful areas
	Underground Maths
	The lovely enticing image is the gateway to lots of interesting thoughts about functions and integration.

Students are asked to find the areas of regions between the graphs of the functions in Curve match. In doing this, they may discover that they can use symmetry and averages to reduce the number of calculations they need to do and to explain why certain regions are the same size. In fact, all the areas between the curves can be found by finding only one integral.

Students can use integration techniques, function knowledge and symmetry to find out about the different areas and create more functions to divide the area into equal sized portions. They can come to the same result from more than one approach, (or different students using different techniques should find the same answers) which may help them to gain confidence moving fluidly between approaches or convince them of new ideas by reinforcing the validity using a technique they are more confident with. The link with means might not occur to many students but this and symmetry are tools we can draw on in many areas of maths
	1.08f

	Integration as the limit of a sum
	Maths centre
	An algebraic approach, although it does have a good range of diagrams to support what it is trying to achieve.
	1.08g

	Definite Integrals
	Geogebra
	This demonstration allows the learner to set upper and lower limits and to change the number of strips to see its impact on the area under a given function.
	1.08g

	Sum estimating
	Underground Maths
	This problem explores the links between integration and summation. Often when introducing integration we use sums to approximate integrals. Here the idea is turned on its head and students are asked to approximate the value of a sum using an integral. This is an opportunity for a different way of thinking about sums and integrals and also touches on the common mathematical idea of finding, and improving on, upper and lower bounds for a problem that you can’t find an exact answer to.
	1.08g

	Integration by substitution
	Maths is fun
	A colourful but clear and easy to follow guide to integration by substitution.
	1.08h

	Integration by substitution
	Maths centre
	A formal approach though with a good range of examples.
	1.08h

	Slippery areas
	Underground Maths
	This Building blocks resource could be used to start thinking about integration by substitution. By exploring what happens to the areas of regions as functions are stretched and translated, students will think about ways of using existing knowledge which can later be connected to formal procedures.

The first problem can be tackled by thinking about transformations and relationships between the regions. Students are asked to explain how an answer can be deduced, which should help to support communication as well as reviewing more general points such as when the integrals of curves are positive or negative. Students can then tackle the second two problems by thinking about transformations and scaling, applying their knowledge to these more concrete cases. Thinking again about regions being made up of narrow strips may help to connect the algebraic techniques in integration with students’ conceptual understanding of an integral.
	1.08h

	Integral sorting
	Underground Maths
	This resource aims to improve students’ fluency at choosing a substitution for any given integral, by asking them to reflect on common structures that appears across integrals, for example ∫f′(x)f(x)dx. It also emphasises the link between integration by substitution and differentiation by the chain rule, as students may use both in order to match the cards together
	1.08h

	Integration by parts
	Maths is fun
	A colourful but clear and easy to follow guide to integration by parts.
	1.08i

	Integration by parts
	Maths centre
	A formal approach though with a good range of examples.
	1.08i

	Integration by parts
	Interactive Mathematics
	A practical based approach with a good range of examples and built in hidden solutions.
	1.08i

	Integration with Partial Fractions
	Maths centre
	A clean and tidy no-nonsense approach with exercises throughout and answers at the end.
	1.08j

	Integration by partial fractions
	Interactive Mathematics
	A practical based approach with a good range of examples and built in hidden solutions.
	1.08j

	Separation of variables
	Salford University
	This is largely a power point file but contains a good range of exercises, followed by solutions and then fully worked answers.
	1.08k

	Separation of variables
	Manchester University
	A nice explanation to start with but then several practical worked examples at the end.
	1.08k

	Variable separable calculator
	Symbolab
	Type in a separable differential equation and this will work out the answer and provide some of the working as well.
	1.08k

	Risp 30: How many Differential Equations
	Risps
	Students are challenged to create and solve differential equations 
	1.08k

	Risp 28: Modelling the spread of a disease
	Risps
	To consolidate/revise differential equations (variables separable only). Students generate their own random data to investigate a model for the spread of a disease.
	10.8k

	Newton's Law of Cooling
	UBC
	This is an application of differential equations set in a classic context.
	1.08l

	Growth and Decay
	UBC
	This is an application of differential equations to growth and decay and population modelling.
	1.08l

	Population Dynamics
	SOS Maths
	This is an application of differential equations to population modelling.
	1.08l
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OCR Resources: the small print
OCR’s resources are provided to support the delivery of OCR qualifications, but in no way constitute an endorsed teaching method that is required by the Board, and the decision to use them lies with the individual teacher.   Whilst every effort is made to ensure the accuracy of the content, OCR cannot be held responsible for any errors or omissions within these resources. 
© OCR 2020 - This resource may be freely copied and distributed, as long as the OCR logo and this message remain intact and OCR is acknowledged as the originator of this work.
OCR acknowledges the use of the following content: n/a
Please get in touch if you want to discuss the accessibility of resources we offer to support delivery of our qualifications: resources.feedback@ocr.org.uk
We’d like to know your view on the resources we produce. By clicking on ‘Like’ or ‘Dislike’ you can help us to ensure that our resources work for you. When the email template pops up please add additional comments if you wish and then just click ‘Send’. Thank you.
Whether you already offer OCR qualifications, are new to OCR, or are considering switching from your current provider/awarding organisation, you can request more information by completing the Expression of Interest form which can be found here: www.ocr.org.uk/expression-of-interest
Looking for a resource? There is now a quick and easy search tool to help find free resources for your qualification: 
www.ocr.org.uk/i-want-to/find-resources/
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