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 Specification
	   Ref.
	Learning outcomes
	Notes
	Notation
	Exclusions

	PURE MATHEMATICS: NUMERICAL METHODS (2)

	Solution of equations
	Me1
	


Be able to locate the roots of  by considering changes of sign of  in an interval of x in which  is sufficiently well-behaved.
	Finding an interval in which a root lies.
This is often used as a preliminary step to find a starting value for the methods in Me3 and Me4.
	
	

	
	e2
	Be aware of circumstances under which change of sign methods may fail.
	

e.g. when the curve of  touches the x-axis.
e.g. when the curve of  has a vertical asymptote.
e.g. there may be several roots in the interval.
	
	

	
	e3
	
Be able to carry out a fixed point iteration after rearranging an equation into the form  and be able to draw associated staircase and cobweb diagrams.
	


e.g. write  as  and use the iteration  with an appropriate starting value. 
Includes use of ANS key on calculator.
	iteration, iterate


	

	
	e4
	Be able to use the Newton-Raphson method to find a root of an equation and represent the process on a graph.
	
	
	

	
	e5
	Understand that not all iterations converge to a particular root of an equation.
	Know how Newton-Raphson and fixed point iteration can fail and be able to show this graphically.
	
	




	
 Specification
	   Ref.
	Learning outcomes
	Notes
	Notation
	Exclusions

	Integration
	Mc34
	Be able to find an approximate value of a definite integral using the trapezium rule, and decide whether it is an over- or an under-estimate. 
	In an interval where the curve is either concave upwards or concave downwards.
	Number of strips.
	

	
	c35
	Use the sum of a series of rectangles to find an upper and/or lower bound on the area under a curve.
	
	
	

	Problem solving
	Me6
	Use numerical methods to solve problems in context.
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DISCLAIMER
This resource was designed using the most up to date information from the specification at the time it was published. Specifications are updated over time, which means there may be contradictions between the resource and the specification, therefore please use the information on the latest specification at all times. If you do notice a discrepancy please contact us on the following email address: resources.feedback@ocr.org.uk
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General approaches

The initial key concepts are only to use numerical methods once algebraic routes have been tried or considered; to keep iterates to many decimal places; that convergence happens when numbers move close to the root and is generally established when two consecutive iterates round to the same accuracy; to check and ensure ; that failure happens
Numerical methods should not be regarded as somehow inferior to analytical ones but as an important and complementary part of the reality of mathematics. It should always be remembered that most real life problems cannot be solved using only analytic methods.
The key concept in the change of sign method is that when y-axis values change from negative to positive or the reverse, there will be a root if the curve is continuous 
f(a) < 0 and f(b) > 0      f(c) = 0  for some c between a and b.
f(x)
a
c
b
x







Algorithms for change of sign are decimal search and interval bisection. In decimal search look methodically at all numbers of a certain type within an interval. Note where a sign change occurs and then repeat or iterate on a magnification of the interval. Interval Bisection cuts the interval in half and repeatedly looks for a change of sign. Then narrows the interval and repeats. Failure to find the root occurs when there is a repeated root or if curve is discontinuous.
To prove a root correct to a specific number of decimal places consider a narrow interval about the root, commonly the upper and lower bounds of the root. If a change of sign is established then the root is proven. 






We can illustrate fixed point iteration, using the iterative formula, graphically either using a staircase or a cobweb diagram. These plot  against  and then trace an initial value either converging to or diverging away from the root.



Staircase diagram				 Cobweb diagram





The key concept of Newton-Raphson is seen graphically: from the first iterate draw a tangent to , note where it crosses the -axis. This is the next iterate. Repeat until convergence to root. These methods need one starting value and not an interval. Newton-Raphson fails if the initial value is at a stationary point and  fails if. Ideally, the initial value should be chosen close to the root but could still work if not. It is worth mentioning to learners that the solve function on their calculator makes use of the Newton-Raphson algorithm to find solutions.
[image: ]
Approaches to teaching include using diagrams and technology; considering convergence and divergence; using project or group work.
The key concept in numerical integration is the Riemann Sum. The area beneath the curve is divided into small rectangular strips whose area is found and summed. This sum will approximate the integral. However it will overestimate or underestimate. The trapezium rule uses trapezia instead of rectangles. Numerical integration gives an approximation of the integral. We can find upper and lower bounds of the actual integral using this approximation.




Common misconceptions or difficulties learners may have
Common difficulties with numerical methods to find roots include lack of familiarity with the algorithms; identification of convergence; not enough detail in the iterates; not knowing how to proceed after failure; not taking time to check that the root approximation is genuine. Students also find the concept of divergence difficult, and may find it hard to accept that numerical methods is part of applied mathematics and so at times will fail. It is a misconception that roots will always be obtained using these methods.
It is important that students understand and use correctly the mathematical language associated with this work. A common mistake among students is to call the equation being solved y = f(x), or even just f(x), rather than f(x) =0.

Expression
An expression is a number of terms that are added or subtracted.
E.g. x3 + x 7 is an expression.

Function
A function is a way of describing an expression. A function of x is usually denoted f(x).
The function may be defined, e.g. f(x) = x3 + x 7.
The letter y may also be used to describe a function of x, e.g.  y = x3 + x 7.
A graph of a function may therefore be drawn, on which the value of the function for different values of x are given.

Equation
An equation is an expression set equal to 0, or some other number, or one expression set equal to another.

The solution of an equation
The terms root and solution are often confused. The equation x³ – x = 0 has three roots, 
namely x = – 1, x = 0 and x = +1. The solution of the equation is x = –1, 0 or +1.  
Consequently to solve an equation, you must find all its roots. A method which misses one or more roots has failed to solve the equation.

Common difficulties with simple iterative methods are the staircase and cobweb diagrams. Students need to practise drawing these and they need time to comprehend how the algebra fits with the diagram and the root approximation. 
Common difficulties with Newton-Raphson are sometimes met obtaining the derivative; understanding the derivation of the formula; sketching the iteration diagram and becoming familiar with failure cases.
Numerical integration in practice is fairly straightforward but Riemann’s ideas are conceptually challenging. 

Thinking Contextually

This content links with polynomials and finding roots using algebraic methods; curve sketching; number sets and irrational numbers. It is also related to limits, derivatives, recurrence relations, integrals and sequences. The idea of iteration is conceptually important and links well with arithmetic and geometric sequences. The philosophical ideas underlying upper and lower bounds would be interesting to discuss and would have long term benefits for mathematics students. Investigating and developing a good understanding of the fixed point process would also be beneficial. Stationary points and gradients play a part in numerical methods and will allow teachers to revisit these ideas and this will help to link these abstract areas together more.
Useful ways to approach this topic would be to incorporate some kind of project or group work into a scheme of work. Students find it difficult to choose their own equations and so providing a selection of suitable equations would assist. Then either individually or in groups the learners can be encouraged to sketch, iterate, prove, critique, test, succeed and fail at finding roots. The same idea could be used once the study of numerical integration is completed. Lessons are advised on the content before project work begins.
Numerical methods link very well with the idea of mathematical modelling on which a greater emphasis is now placed. Subject areas which link naturally with numerical methods include work on polynomial curves, their behaviour and shape and in particular finding their roots. Curve sketching is also extremely relevant with the idea of an asymptote and gaps in some curves playing an important role. Finding integrals of curves and also the area beneath curves is linked with numerical methods. In fact there is also common ground shared with the study of inequalities, recurrence relations, the modulus function, gradients and tangents, computer science, mechanics, statistics and decision mathematics.
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	Title
	Organisation
	Description
	Ref

	Bolzano’s Theorem:
The existence of a root indicated by a change of sign.
	Wolfram Math World
	The basic theorem which underlies the notion of a change of sign indicating a root’s existence.
	e1

	Overview of Change of sign with illustration.
	Arizona State University
	General result with specific example and diagram.
	e1

	Intermediate Value Theorem.
	Geogebra
	Interactive computer aid. The interval can be moved to enclose the root and the sign change can be observed. Could be used as part of a starter or plenary or in a computing session linked with this topic.
	e1

	Intermediate Value Theorem
	Desmos
	Visual aid. The interval can be moved close to the root.
	e1

	Intermediate Value Theorem

	University of Manchester
	Detailed PowerPoint with good illustrations. Could be used for flipped or enrichment learning.
	e1

	Continuity - Intermediate Value Theorem Example 2
	Brian Veitch
	Quick 5 minute video - simply explained with good visual aids. Could be used as starter or plenary.
	e1

	Intermediate Value Theorem – Linked with Bolzano’s Theorem
	Wolfram Math World
	Formal definition.
	e1

	Proof of Intermediate Value Theorem – formal.
	MacTutor History of Mathematics archive
	Fairly accessible stretch material.
	e1

	MEI Numerical Methods Coursework – Decimal Search 1
	Diana Timofte
	13 minute video on the Decimal Search method, using Excel. Clear presentation. Lots of Excel advice.
	e1

	Change of Sign: Decimal Search.
	Geogebra
	Demonstration of decimal search.
	e1

	PowerPoint which includes Decimal Search. 
	Exeter College
	PowerPoint which includes the Decimal Search method. Very nice and comprehensive document with good diagrams. 22 slides which cover many aspects of root finding numerical methods. Good resource for flipped learning.
	e1

	CMPSC/Math 451. Feb 27, 2015. Bisection method
	Wen Shen PSU
	Begin at 5.40 mins to see the Bisection Method explained by Professor of Mathematics Wen Shen. Lots of detail and an intelligent approach. Includes some stretch towards the end of the video. Also includes advantages & disadvantages. 
	e1

	Interval Bisection.
	Geogebra
	Bisection demonstrated through a diagram; also gives table of iterates. Good plenary.
	e1

	Solutions of Equations in One Variable. The Bisection Method.
	Hong Kong University
	Excellent PowerPoint on Bisection.
	e1

	Interval Bisection Method
	Wolfram Alpha
	Online tool which produces Bisection iterates. User inputs f(x) and interval.
	e1

	The intermediate value theorem
	College of Arts and Sciences
	Nice document with problems for students to solve.
	e1

	Problem Sheet 1: The bisection method. The Newton-Raphson method
	Dublin Institute of Technology
	Worksheet with answers.
	e1

	Bisection method calculator.
	Ke!san Online Calculator
	Bisection Calculator which will obtain iterates and show convergence to the root.
	e1

	Rolle’s Theorem and Bolzano-Cauchy Theorem : A View from the End of the 17thCentury until K. Weierstrass’ epoch.
	Saint Petersburg State University of Architecture and Civil Engineering
	Very nice literature which links well with numerical analysis. It will take time to read. Interesting and useful content which makes this aspect of mathematics more fully rounded and alive. Could be used for enrichment work.
	e1

	The Bisection method.
	University of Wisconsin-Madison
	Possible interesting reading for students who desire extension work.
	e1

	Polynomials
	Australian Mathematical Sciences Institute
	Overview of pre topic work on finding roots via an algebraic approach. Background reading.
	e1-5

	Accessible Lecture on finding roots of polynomials analytically.
	Gresham College
	Defines all common terms and explores finding roots using an algebraic approach. May be a useful summary of root finding pre numerical methods.
	e1-5

	The history of numerical analysis and scientific computing
	Society for Industrial and Applied Mathematics
	Wonderful motivational material here. Click on the Oral Histories tab to see a summarised account of recent or current top numerical analysts. Then go into the pdf itself to see the interviews. Lots of other historical resources on this site.
	e1-5

	Abel’s Impossibility Theorem
	Wolfram Math World
	The theorem explains that there is no algebraic formula to solve polynomial equations of degree five or higher.
	e1-5

	Abel and the insolvability of the quintic
	Caltech
	Paper written by Jim Brown on Abel and the Insolvability of the Quintic. Could be used for extension reading for the most able students. Some of the historical parts will be suitable for most learners.
	e1-5

	Continuous Function
	Wolfram Math World
	Formal definition.
	e1-5

	Continuity – Identify where the graph is discontinuous
	Brian Veitch
	Quick 8 minute video on Continuity. Good lesson resource.
	e1-5

	Continuity of Functions of one variable
	UC Davis Mathematics
	Extension or enrichment work on continuity. Formal explanation plus questions for students to do with worked solutions.
	e1-5

	Continuity
	Paul’s Online Math Notes
	Includes problems for students to work on with solutions provided.
	e1-5

	1981 – The Bicentenary of Bernard Bolzano
	Czechosloyak Mathematical Journal,32 (107) 1982, Praha 
	Nice background reading for students about to begin the study of numerical methods. Could be used for homework, presentations or display work in school or college.
	e1-5

	Root Hunter
	Nrich
	Includes a further stretch activity.
	e1-5

	Zeros of functions
	Univesità Della Calabria
	59 slide presentation on numerical methods. Goes beyond the scope of A Level but mostly relevant material. Good graphical content.
	e1-5

	Zeros of nonlinear functions
	MathWorks
	Good overview resource. Contains some stretch elements plus links with computer methods and programming.
	e1-5

	Farey Approximation
	Nrich
	Root finding activity for extension work, class activity or stretch.
	e1-5

	Root finding in one dimension
	Department of Applied Mathematics and Theoretical Physics, University of Cambridge
	Very nice overview, pitched quite high, with a good diagram of divergence. Aside from basic ideas, the diagrams and examples, much of the content is more suited to Stretch work. Some computing elements.
	e1-5

	Introduction to Numerical Analysis
	University of Maryland
	Very formal overview. More suited to teachers.
	e1-5

	Numerical methods for finding the roots of a function
	Dublin Institute of Technology
	Clear PowerPoint Overview. Includes discussion of advantages and disadvantages.
	e1-5

	Iterated matrices and eigenvectors.
	Brown University
	Stretch activity more suited to further maths students.
	e1-5

	Solve Me!
	Nrich
	Activity for students to do, finding the roots of a polynomial.
	e1-5

	Root finding algorithms 
	William & Mary 
	Stretch material. Use of MATLAB with root finding algorithms. Extension work/reading for the most able.
	e1-5

	Numerical methods: Solving by iteration
	Geogebra
	Demonstration of cobweb/staircase diagrams
	e3

	Iteration 
	CIMT
	Includes some real world scenarios linked with the maths of root finding. Covers most of the A Level numerical methods required content.
	e6

	Is the Serpentine Lake really 40 acres?
	Underground Maths
	Investigation, using numerical methods, to evaluate the claim that the Serpentine covers an area of 40 acres. 
	e6

	Underneath the arches
	Underground Maths
	Students are asked to decide whether using the trapezium rule would give an under or over estimate of the area between the curve and the x-axis for the sketch graphs from Gradient match. Rather than focusing on the numerical aspect of using the trapezium rule, in this resource students are only given sketch graphs and are prompted to think about geometric features of the curves.
	e6

	A cubic has one real root—can we find an approximation to it?
	Underground Maths
	Cambridge Colleges Examination for Entrance Scholarships and Exhibitions, Calculus (Group 3), 1952, Q2.
	e6

	
What is the area under the curve ?
	Underground Maths
	UCLES A level Mathematics 2, QP 840/2, 1970, Q17b.
	e6

	Numerical Methods
	MEI
	Notes on content, teaching ideas, suggestions on the effective use of technology, common errors and links across the curriculum.
	e6

	The trapezium rule
	Geogebra
	Demonstration of trapezium rule, using a slider to vary the number of trapezia and investigate the effect on the accuracy of the result.
	c34

	Trapezium rule for radical function
	Geogebra
	Demonstration of trapezium rule, using a slider to vary the number of trapezia and investigate the effect on the accuracy of the result.
	c34
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OCR Resources: the small print
OCR’s resources are provided to support the delivery of OCR qualifications, but in no way constitute an endorsed teaching method that is required by the Board, and the decision to use them lies with the individual teacher.   Whilst every effort is made to ensure the accuracy of the content, OCR cannot be held responsible for any errors or omissions within these resources. 
© OCR 2017 - This resource may be freely copied and distributed, as long as the OCR logo and this message remain intact and OCR is acknowledged as the originator of this work.
OCR acknowledges the use of the following content: n/a
Please get in touch if you want to discuss the accessibility of resources we offer to support delivery of our qualifications: resources.feedback@ocr.org.uk
We’d like to know your view on the resources we produce. By clicking on ‘Like’ or ‘Dislike’ you can help us to ensure that our resources work for you. When the email template pops up please add additional comments if you wish and then just click ‘Send’. Thank you.
Whether you already offer OCR qualifications, are new to OCR, or are considering switching from your current provider/awarding organisation, you can request more information by completing the Expression of Interest form which can be found here: www.ocr.org.uk/expression-of-interest
Looking for a resource? There is now a quick and easy search tool to help find free resources for your qualification: 
www.ocr.org.uk/i-want-to/find-resources/
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