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Section A (54 marks)
Answer all the questions

1 (a) (i) By considering the derivatives of cos x, show that the Maclaurin expansion of cos x begins

- 207+ L, [4]

(ii) The Maclaurin expansion of sec x begins
1+ax*+ bx4,
where a and b are constants. Explain why, for sufficiently small x,
(l - %xz + 2—14x4)(1 +ax® + bx4) ~ 1.
Hence find the values of a and b. [5]

o e X dy a
(b) (i) Giventhaty = arctan(g), show that P = az—-i-xz' [4]
(ii) Find the exact values of the following integrals.

2

1
A T 3
I [3]
-2
o1
2
4
B —_— 3
B) Ju 1 +4x2 [3]
2
2 (i) Write down the modulus and argument of the complex number ein/3, [2]

(ii) The triangle OAB in an Argand diagram is equilateral. O is the origin; A corresponds to the
complex number a = V2(1 + j); B corresponds to the complex number b.

Show A and the two possible positions for B in a sketch. Express a in the form re®. Find the
two possibilities for b in the form rel?. [5]

(iii) Given that z, = V2el®/ 3, show that 216 = 8. Write down, in the form reje, the other five complex

numbers z such that z® = 8. Sketch all six complex numbers in a new Argand diagram. [6]
Letw = zle_j”/lz.
(iv) Find w in the form x + jy, and mark this complex number on your Argand diagram. [3]

(v) Find w®, expressing your answer in as simple a form as possible. [2]
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1

3 (a) Acurve has polar equation r = atan 8 for 0 < 6 < 3

7, where a is a positive constant.
(i) Sketch the curve. [3]

(ii) Find the area of the region between the curve and the line 6 = 41_1”' Indicate this region on
your sketch. [5]

(b) (i) Find the eigenvalues and corresponding eigenvectors for the matrix M where

0.2 0.8
M= (0.3 0.7)' (6]
(ii) Give a matrix Q and a diagonal matrix D such that M = QDQ_I. [3]
Section B (18 marks)
Answer one question
Option 1: Hyperbolic functions
4 (a) (i) Prove, from definitions involving exponentials, that
cosh’x — sinh®x = 1. [2]
(ii) Given that sinhx = tany, where —%ﬂ: <y< %n, show that
(A) tanhx =siny,
(B) x=In(tany + secy). [6]
. . dy .
(b) (i) Given that y = artanh x, find P in terms of x.
1
2
Hence show that dx = 2 artanh L. [4]
R ?

2

dx in terms of

2 2

1
(ii) Express 1 in partial fractions and hence find an expression for J

—x
logarithms. [4]

(iii) Use the results in parts (i) and (ii) to show that artanh% = %ln 3. [2]

© OCR 2009 4756 Jan09 Turn over



Option 2: Investigation of curves

This question requires the use of a graphical calculator.

5  The limagon of Pascal has polar equation r = 1 + 2a cos 6, where a is a constant.

@

(i)

Use your calculator to sketch the curve when a = 1. (You need not distinguish between parts of
the curve where r is positive and negative.) [3]

By using your calculator to investigate the shape of the curve for different values of a, positive
and negative,

(A) state the set of values of a for which the curve has a loop within a loop,
(B) state, with a reason, the shape of the curve when a = 0,
(C) state what happens to the shape of the curve as a — too,

(D) name the feature of the curve that is evident when a = 0.5, and find another value of a for
which the curve has this feature. [71

Given that a > 0 and that a is such that the curve has a loop within a loop, write down an equation

for the values of 6 at which r = 0. Hence show that the angle at which the curve crosses itself is
1

2 arccos ( — ) .

2a

Obtain the cartesian equations of the tangents at the point where the curve crosses itself. Explain
briefly how these equations relate to the answer to part (ii)(A). [8]
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