A LEVEL

Examiners’ report

FURTHER

MATHEMATICS A

H245

For first teaching in 2017

Y542/01 Summer 2023 series

Version 1

OCR

Oxford Cambridge and RSA

ocr.org.uk/maths


http://www.ocr.org.uk/subjects/mathematics/

A Level Further Mathematics A - Y542/01 - Summer 2023 Examiners’ report

Contents

LyigoTe VTt o] o RO TP TP P PP PPPETPPP PPN 3

Paper Y542/0L1 SEIES OVEIVIEW .....cceeieeeiieiie e e e eeee ettt aa s e e e eeeeeeatte s e e eaaeeeeaees s aaeeaeeeessen i aeeaaeeeesnssnnaaaaaanees 4
(@ 10 1S3 1o o 1 = ) USSP 5
(@B LTSy 1To ] o It A (o) I () PP PP PP PPPPPPPPP 6
(@R TRy uTo ] o It A (o) I (L) I PRSP P PP PPPPPPPPP 6
(@ 10 1S3 1o o 1 () SRR 7
L@ B2 1T o It R (o ) PP PP PP PPPPPPPPPPP 7
(@ 10113 i o] 22 - ) USRI 8
(@R T2 1o ] o 2 (o) PP PPPPPPPPPPPPP 8
(@ TE =211 ] o 2 (o) I PP P PP PPPPPPPPPPPPP 9
(@ 10113 1 o) 22 (o) I USSP 9
(@B LT 1 (o] o IR = ) PP P PP PPPPPPPPPPP 10
(@ 10113 1o 10 7 (o) I USSP 11
(@ 10113 1 o] 1R N - ) I SRR 11
(@ BT 1o o 1R N (o) PP P P PP PPPPPPPPPPP 12
(@ 10115 1 o] 10 N () P USRPPPPRRRR 12
(@B =211 To] o IR N (o ) PP P PP PPPPPPPPPPP 12
(@ 1011 i o] o T € ) PO SSRPPPPRRPR 13
(@ 101153 1 o) 0 R (o) ISP 13
L@ T8 T=1] 110 o 1 TP 14
(@ 101153 i o) o A € ) [P SSUPPPPRRPN 16
(@B =211 1o ] o A (o) PP PP P PP PPPPPPPPPPP 16
(@R =TS 1 (o] g IR = ) PP PP P PP PPPPPPPPPPP 17
(@ 10 1S3 1o o = (o) U SRUPPRRRR 17
(@ TE =TS 1o ] g 1= 1 (o) PRSP PP PPPPPPPPPPP 17
(@ 10 1S3 1o o = () SRR 18
(@R LTS 1 (o] g IR T () P PRSP PP PPPPPPPPPPP 18
(@R =TS 1o ] g 1= () PP PPPPPPPPPPPPP 18
(@ 10 1S3 1o o 1= () SRR 19

2 © OCR 2023



A Level Further Mathematics A - Y542/01 - Summer 2023 Examiners’ report

Introduction

Our examiners’ reports are produced to offer constructive feedback on candidates’ performance in the
examinations. They provide useful guidance for future candidates.

The reports will include a general commentary on candidates’ performance, identify technical aspects
examined in the questions and highlight good performance and where performance could be improved.
A selection of candidate answers is also provided. The reports will also explain aspects which caused
difficulty and why the difficulties arose, whether through a lack of knowledge, poor examination
technique, or any other identifiable and explainable reason.

Where overall performance on a question/question part was considered good, with no particular areas to
highlight, these questions have not been included in the report.

A full copy of the question paper and the mark scheme can be downloaded from OCR.

Would you prefer a Word version?
Did you know that you can save this PDF as a Word file using Acrobat Professional?
Simply click on File > Export to and select Microsoft Word

(If you have opened this PDF in your browser you will need to save it first. Simply right click anywhere on
the page and select Save as . . . to save the PDF. Then open the PDF in Acrobat Professional.)

If you do not have access to Acrobat Professional there are a number of free applications available that
will also convert PDF to Word (search for PDF to Word converter).
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Paper Y542/01 series overview

Many candidates had prepared thoroughly for this paper, with only a few indications (such as confusion
between two different methods, or perhaps getting hypotheses the wrong way round) that preparation
had been in any way restricted. The paper allowed most candidates to score well on at least some
questions, while there were undoubtedly challenging aspects to other questions. A substantial number of
questions requiring verbal responses shone spotlights on common misunderstandings. Some very clear
explanations were seen, but there were also numerous vague or muddled comments. The overall
impression was that many candidates can carry out calculations correctly but have only a limited
understanding of the ideas and concepts, and that they often simply write down words they have seen in
textbooks or on previous mark schemes without having a clear idea of what they mean.

Some of the underlying concepts in this specification are quite subtle. Perhaps candidates would benefit
from spending more time discussing examples, in a way that is not often dealt with in textbooks or other
readily available sources.

Candidates who did well on this paper Candidates who did less well on this paper

generally: generally:

had a proper understanding of modelling
assumptions

avoided confusing the use of the same letter
in different statistical contexts

in hypothesis tests, consistently got the
hypotheses, and also the conclusions, the
right way round

understood that statistical hypotheses
referred to the underlying populations

consistently appreciated the differences
between sample mean/variance and
expected mean/variance; they knew that
sample values needed to relate only
approximately to the corresponding
theoretical equations.

had learnt modelling assumptions by rote
but had not properly grasped their
meaning

confused the use of the same letter in
different contexts

in hypothesis tests, often got hypotheses
and/or conclusions the wrong way round

stated hypotheses in terms of samples or
data rather than the underlying
populations

confused the relationship between sample
mean/variance and expected
mean/variance, or assumed that
equations for expected values applied
exactly to the corresponding sample
values.
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Question 1 (a)

1 A certain section of a library contains several thousand books. A lecturer is looking for a book that
refers to a particular topic. The lecturer believes that one-twentieth of the books in that section
of the library contain a reference to that topic. However, the lecturer does not know which books
they might be, so the lecturer looks in each book in turn for a reference to the topic. The first book
the lecturer finds that refers to the topic is the X'th book in which the lecturer looks.

(a) A student says, “There is a maximum value of X as there is only a finite number of books. So
a geometric distribution cannot be a good model for X.”

Explain whether you agree with the student. [1]

Successful responses said that, because the number of books is large, the difference between sampling
with or without replacement is negligible. The issue is whether a geometric distribution is a good enough
model, not whether it is perfect. The situation is exactly the same with a binomial distribution, which
provides a perfectly adequate model for selection without replacement provided the population (not the
sample!) is big enough. Commonly candidates missed the point and gave responses relating only to
learnt phrases.

Assessment for learning

With both the binomial and the geometric distributions, the difference between sampling with
and without replacement is often negligible, especially with a large population.

Students might find it helpful to consider numerical examples. Suppose the relevant section of
the library has n books. If n = 5000, a spreadsheet calculation shows that the values of

P(X = x) are the same to within +0.0001, whether sampling is with replacement or not, for all
values of x. But if n = 100 the two answers are not so close. For example, P(X = 10) =
0.0315... from the geometric distribution, but 95/100 x 94/99 x 93/98 x ... x 87/92 x 5/91
gives 0.0339... .

Exemplar 1
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This was the most common wrong answer. It was necessary to appreciate that, because the number of
available books was large, it made no appreciable difference to use 0.95 throughout.
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Question 1 (b) (i)

(b) (i) State one modelling assumption (not involving the total number of books) needed for X
to be modelled by a geometric distribution in this context. [1]

Successful responses saw candidates give answers such as ‘whether or not one book chosen contains a
reference to the topic does not affect whether the next book chosen does so’, or ‘any book in the section
is equally likely to contain a reference to the topic’.

Most candidates could give an appropriate assumption, but often stated it badly. Some gave not a
modelling assumption but a modelling condition, such as ‘there must be an infinite number of possible
trials’, or ‘books must either refer to the topic or not’. Conditions such as these are rarely of interest, as it
is usually obvious whether or not they apply, and in any case they merely give a first indication of which
distribution is likely to be appropriate, not whether that distribution is a good model. A response such as
‘Whether a book refers to a topic must be independent of whether it does not refer to the topic’ shows
the sort of confusion that can arise when a candidate attempts to use learnt phrases without any
understanding of what they might mean.

Question 1 (b) (ii)

(i) Suggest a reason why this assumption may not be valid in this context. [1]

The most obvious reason, chosen by many candidates, was that in any section of a library books are not
arranged randomly but grouped by topic, so that it is unlikely that the books are independent of one
another. Alternatively, a correct application of the ‘constant probability’ assumption would be that books
on some shelves might be more likely to contain a reference than those on others.

Many said that sampling without replacement meant that the probabilities change, but the whole point of
part (a) was to suggest that, with a large number of books, such a change is negligible. For instance,
starting with 5000 books and using changing probabilities, the answer to part (c) is still 45.
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Question 1 (c)
Assume now that X can be well modelled by the distribution Geo(0.05).

(c) The probability that the lecturer needs to look in no more than »# books is greater than 0.9.

Find the smallest possible value of 7. [3]

Many candidates answered this correctly, either by solving 0.95" < 0.1 or by using trial and improvement,
while some had ‘invGeo’ facility on their calculator.

Those who solved 0.95" < 0.1 by taking logarithms to base 0.95 needed to remember that logo.os is a
decreasing function and so the inequality is reversed: n > logoes 0.1.

Some candidates tried to use 0.95™! or 0.05x0.95™. A tiny number of candidates used N(20, 380),
which happens to give the correct answer in this case but which is not a valid method as geometric
distributions cannot be approximated as a whole by normal distributions (their graphs are never
symmetric). For example, using N(20, 380) would give P(X < 0) to be 0.1586, whereas X <0 is
impossible for a geometric distribution.

Question 1 (d)
(d) The lecturer needs to find four different books that refer to the topic.

Find the probability that the lecturer wants to look in exactly 40 books. [2]

Although this is a common enough question in the context of a geometric distribution, it had not been
asked on the new specification, which perhaps explains why few correct answers were seen. The
method is to find the probability that there are 3 successes in the first 39 trials, and then that the 40" trial
IS a success.
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Question 2 (a)

2 The director of a concert hall wishes to investigate if the price of the most expensive concert
tickets affects attendance. The director collects data about the price, £P, of the most expensive
tickets and the number of people in the audience, / hundred (rounded to the nearest hundred), for
20 concerts. For each price there are several different concerts. The results are shown in the table.

P(£) 75 65 55 45 35
H (hundred) | 27 27 27 26 15
27 27 20 21 12
22 18 16 9

19 18 13

12 16 9

n=20 Yp=1080 Xh=381 Xp*=61300 Xh>=8011 ¥ ph=21535

(a) Calculate the equation of the regression line of /2 on p. [2]

This was generally well done, although there was some premature approximation (leading to a = 1.66
instead of 1.64), and some candidates gave the answer in terms of x and y instead of p and h.

Question 2 (b)

(b) State what change, if any, there would be to your answer to part (a) if // had been measured
in thousands (to 1 decimal place) rather than in hundreds. [1]

Answers were about equally divided between the correct 0.0332p + 0.164 (or ‘the coefficients are both
divided by 10"), the insufficient ‘the coefficients are smaller’ and ‘no change as it is a linear
transformation’ (which of course is true of the PMCC but not of the regression equation).

8 © OCR 2023
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Question 2 (c)
For a special charity concert, the most expensive tickets cost £50.

(¢) Use your answer to part (b) to estimate the expected size of the audience for this concert.
Give your answer correct to 1 decimal place. [1]

Often correct, but many candidates gave answers such as 17.7, instead of 17.7 hundred. The question
asks for the size of the audience, not for the value of h.

Question 2 (d)
(d) Comment on the reliability of your answer to part (¢). You should refer to
« the value of the product-moment correlation coefficient for the data, which is 0.642
¢ the value of £50
e any one other relevant factor that should be taken into account. [4]

Many candidates could make two or three valid points here, although some said that it was unreliable as
50 was not one of the given values of P and others said that it might depend on the lower prices as well;
both of these comments overlook the whole point of doing a regression calculation on this data, which is
to average the variability out into an overall trend.

In order to score full marks, candidates needed to write a single summative conclusion, such as ‘Overall
it is not very reliable’, and not just comment on the effect of each comment separately. Any response in
the range ‘not reliable’ to ‘fairly reliable’ inclusive was allowed; candidates were not being tested on
whether the examiner agreed with their judgement but on whether they were able to coordinate the
different issues.

It should be added that comparison of 0.642 with critical values is not relevant here. Such a comparison
would give evidence of whether there is any correlation (i.e., p > 0), but what we need to know is how
good the correlation is (i.e., whether pis close to 1).
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Exemplar 2

2(d)

This is a typical example of a candidate who has made three valid points, but has commented only on
each point separately. There needs to be an overall conclusion as to the reliability.

Question 3 (a)

3  The discrete random variable I has the distribution U(11). The independent discrete random
variable J has the distribution U(5).

(a) It is given that, for constants m and n, with m > 0,
E(mW+nV)= 0 and Var(mW+nV') = 1.

Determine the exact values of m and ». [5]

This was very well done. Correct answers were widely seen.
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Question 3 (b)
The random variable 7"is the mean of three independent observations of W.

(b) Explain whether the Central Limit Theorem can be used to say that the distribution of 7"is
approximately normal. [1]

The point here is that three independent observations is insufficient for the CLT to apply. Candidates
who said ‘n is not greater than 25’ had to say what n was; the need of this was clear from those
candidates who took n to be 11 (from the distribution U(11)), or even 33. Candidates need to internalise
the meaning of letters such as n in the context of either the CLT or uniform distributions, and not just to
treat n as a meaningless symbol.

Some added that we are not told that the parent population is normal. That is the answer to a different
question: ‘is the CLT needed?’. It is true that the mean of any number of samples taken from a normal
population is itself distributed normally, but that is a different theorem. The CLT is needed only when the
parent population is not normal.

Question 4 (a)

4 Two magazines give numerical ratings to hi-fi systems. Li wishes to test whether there is
agreement between the opinions of the magazines. Li chooses a random sample of 5 hi-fi systems
and looks up the ratings given by the two magazines. The results are shown in the table.

System A B C D E
Magazine | 638 75 77 83 92
Magazine 1 30 25 40 35 45

(a) Give areason why Li might choose to use a test based on Spearman’s rank correlation
coefficient rather than on Pearson’s product-moment correlation coefficient. (1]

Many candidates gave sensible comments such as ‘the agreement between the ratings may not be
linear’ or ‘the ratings are subjective’. Another correct response was ‘the data might not have a bivariate
normal distribution’ (but the word ‘bivariate’ must be included here). However, it is not enough to say that
the ratings might be on different scales, as mere scaling of the marks does not change the value of
Pearson’s coefficient.

In this sort of question it is usually helpful to distinguish between ratings and rankings.

11 © OCR 2023
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Question 4 (b)

(b) Calculate the value of Spearman’s rank correlation coefficient for the data. [4]

This was very often correct, although some candidates attempted to use raw scores and others ranked
all 10 ratings from 1 to 10, perhaps in confusion with a Wilcoxon test.

Question 4 (c)

(¢) Use your answer to part (b) to carry out a hypothesis test at the 5% significance level. 4]

‘Agreement’ needs to indicate positive correlation, and this should be stated in the hypotheses. It is
therefore a one-tailed test, but quite a lot of candidates used a two-tailed test with a critical value of 1.0.

The correct conclusion is that there is insufficient evidence of agreement between the opinions. It is
wrong to say that there is evidence of no agreement. It cannot be stressed often enough that a
hypotheses test never produces evidence that the null hypothesis is correct.

Question 4 (d)

(d) The value of Spearman’s rank correlation coefficient between the ratings given by magazine |
and by a third magazine, magazine III, has the same numerical value as the answer to part (b)
but with the sign changed.

In the Printed Answer Booklet, complete the table showing the rankings given by
magazine II1. [1]

The rank order of the results for magazine Il has to be reversed (so that each new rank is 6 minus the
old rank). Relatively few correct answers were seen.

12 © OCR 2023
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Question 5 (a)

5  An historian has reason to believe that the average age at which men got married in the
seventeenth century was higher in urban areas compared to rural areas. The historian collected
data from a random sample of 8 men in an urban area and a random sample of 6 men in a rural
area, all of whom were married in the seventeenth century. The results were as follows, given in
the form years/months.

Urban: 18/3 18/5 19/9 20/7 25/6 34/6 41/8 46/3
Rural: 18/0 18/1 18/4 19/11  22/2 28/11

(a) Use an appropriate non-parametric method to test at the 5% significance level whether the
average age at marriage of men is higher in urban areas than in rural areas. [7]

This was generally well done and many candidates found it a good source of marks. The hypotheses
need to be stated in terms of the (population) median ages of marriage; many lost a mark by referring
only to ‘average’ or ‘mean’. (A handful used the correct alternative that the distributions have to be
identical apart from their average, and in that case any average can be used, but this applies only to
statements involving the whole distributions being identical.)

Most candidates remembered to consider not just Rm = 34 but also m(m + n + 1) — R = 56. However,
some considered 71, which is wrong; that is the sum of the rankings of the larger group (R,). The
alternatives for Ry, are needed to allow for the data to be ranked either top-down or bottom-up, but must
always use the smaller group.

The calculations were mostly correct, but the final mark was often lost for the incorrect conclusion ‘there
is evidence that the average ages are the same’. The conclusion for this test should be ‘there is
insufficient evidence that the average age of marriage is greater in urban areas’.

Question 5 (b)

(b) When checking the data, the historian found that the age of one of the men, Mr X, which had
been recorded as 28/11, had been wrongly recorded. When corrected, the result of the test in
part (a) was unchanged.

Determine the youngest age that Mr X could have been, given that it was not the same, in
years and months, as that of any of the other men in the sample. [3]

Quite a lot of right answers were seen to this question, often by trial and improvement. Some candidates
correctly calculated that the old 11™-ranked value could become the 8" and gave 20/0 as their answer,
but in fact it could become the 7*". Some candidates simply gave the lowest age that would not change
the rankings at all, namely 25/7.

13 © OCR 2023
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Question 6
6  The continuous random variable X has a uniform distribution on the interval [— 7, 7].

The random variable Y is defined by ¥ = sinX".

Determine the cumulative distribution function of Y. [7]

This question illustrated the dangers of proceeding entirely by rote. A common error is seen below. The
issue is that the function sin X is not 1-1 in the domain [-r, «t], so that P(sin X <y) is not the same as
P(X < sin~ly). For example, the solution to the inequality sin X < 0.5 is not just X < n/6; in the given
domain it is {X < n/6} U {X > 5r/6}. In general it is necessary to consider also X > n — sin"ly. One or two
candidates also realised that the answer was unchanged if the domain was [-n/2, ©/2] or adjusted their
final answers to make sure that F(—r) = 0 and F(n) = 1. Those who drew diagrams were more likely to
succeed.

The final CDF should be given in its full form, with the ranges where it is equal to 0 or to 1 as well as the
substantive part. Many gave the range for the substantive part as y = 0 only, presumably from the values
of sin X at the end-points of the range, although obviously this cannot be correct.
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Exemplar 3
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This candidate has followed the standard procedure correctly, except that the line after P(sin X < x)

ought to read
= P(X <sint x) + P(X > n — sin™x)

2sin~1

: . 1 :
which then gives =+ 2 (note the extra 2 in the numerator).
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Question 7 (a)

7 A club secretary collects data about the time, 7" minutes, needed to process the details of a new
member. The mean of 7'is denoted by 4. The variance of 7'is denoted by o*. The results of a
random sample of 40 observations of 7 are summarised as follows.
n=40 Xt=396.0 X+ =4271.40

(a) Determine a 99% confidence interval for . [7]

This was largely well done and a good source of marks for many candidates. Most remembered to use
o/\40 in the final calculation. The most common mistake was omission of the factor 40/39 in finding the
unbiased estimate of the population variance. Those who did not quote the z-value 2.576 explicitly, using
instead, for example, non-standard notation such as inv.norm(0.995), lost extra marks if their answer
was wrong.

Question 7 (b)

(b) The secretary discovers that over a long period the value of o is in fact 10.0. The secretary
collects an independent random sample of 50 observations of 7"and constructs a new 99%
confidence interval for 1 based on this sample of size 50, but using o = 10.0.

Find the probability that this new confidence interval contains the value x+ 1.6. [3]

Most candidates wrote their new confidence interval in the form p + 2.576+/0.2, or even 9.9 + 2.576v0.2,.

instead of the necessary X + 2.576+v0.2. This meant that they had no random variable in their inequality
and were unable to make further progress.

Misconception

Confidence intervals are centred on the mean of a particular sample, say x, and not on the
unknown population mean .
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Question 8 (a)

8 A team of researchers have reason to believe that the number of calls received in randomly
chosen 10-minute intervals to a call centre can be well modelled by a Poisson distribution. To test
this belief the researchers record the number of telephone calls received in 60 randomly chosen
10-minute intervals. The results, together with relevant calculations, are shown in the following

table.
Total
Number of calls, r 0 1 2 3 4 =5
Observed frequency, f 18 13 12 9 8 0 60
rf 0 13 24 27 32 0 96
rf 0 13 48 81 128 0 270
Expected frequency 12.114 1 19.382 | 15.506 | 8.270  3.308 | 1.421 60
Contribution to test statistic | 2.860 = 2.101 | 0.793 1.232 6.99
(a) Calculate the mean of the observed number of calls received. 1]
This was almost always correct.
Question 8 (b)
(b) Calculate the variance of the observed number of calls received. [1]

This was almost always correct. A few candidates multiplied by 60/59, which would give an unbiased
estimate of the population mean, which is not what is asked for here.

Question 8 (c)

(¢) Comment on what your answers to parts (a) and (b) suggest about the proposed model.  [1]

This question illuminated a common distinction between candidates. Some candidates appreciated the
difference between sample mean/variance and expected mean/variance. For a Poisson distribution, the
expected mean and variance are equal, but parts (a) and (b) of this question give the sample mean and
variance. Values from a sample will rarely match expected values exactly, and so the issue is not
whether the answers to parts (a) and (b) are equal (many candidates wrote ‘1.6 = 1.94’), but whether
their values are similar.

17 © OCR 2023
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Misconception

variance to be exactly equal to the expected values, or to satisfy exactly a theoretical
equation. All that matters is that they should be close. Sample and expected values need to
be carefully distinguished.

O In an informal check for the validity of a model, it is not necessary for the sample mean and

Question 8 (d)

(d) Explain why it is necessary to combine some cells in the table. [1]

Careful candidates identified the cells where the expected frequencies are less than 5. Less careful ones
said ‘some cells have expected frequencies less than 5’ or made general statements such as ‘all the
expected frequencies have to be greater than 5’.

Question 8 (e)
(e) Show how the values 15.506 and 0.793 in the table were obtained. [4]

Most candidates could answer this fairly well, but in order to obtain full marks on this ‘Show’ question it
was necessary not just to quote the probability 0.2584 (which could have been obtained from working
backwards) but to explain where it came from. Best was to use the Poisson probability formula, but
candidates could also gain credit by using a calculator value provided they gave enough significant
figures to prove that they had found it themselves. Most justified the value 0.793 correctly.

Question 8 (f)

(f) Carry out the test, at the 5% significance level. [5]

The question refers to ‘a Poisson distribution’, and not to the specific distribution Po(1.6), so hypotheses
should not refer to the parameter 1.6. Also, as 1.6 has been estimated from the data, a further degree of
freedom has to be subtracted, so that the critical value is 5.991.

Some candidates did not see that the test statistic, 6.99, was given in the table and calculated it
(sometimes wrongly). They lost time, but not marks.

Some less successful responses saw candidates give the hypotheses the wrong way round, or subtract
only 1 from the number of cells, thus obtaining a totally wrong value for the number of degrees of
freedom. Some tried to use the formula (n — 1)(m — 1).
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Question 8 (g)

In the light of the result of the test, the team consider that a different model is appropriate. They
propose the following improved model:

S (o -
PR=7)= solat(2—=nb) r 0,1‘,2,3,4
0 otherwise,

where ¢ and b are integers.

(g) Use at least three of the observed frequencies to suggest appropriate values for @ and 4. You
should consider more than one possible pair of values, and explain which pair of values you
consider best. (Do not carry out a goodness-of-fit test.) [3]

Many candidates were able to make some progress with this test of modelling skills. Some did not see
that the observed frequencies had to be divided by 60, and some used the expected frequencies
instead. Many candidates were able to make a reasoned choice between apparently inconsistent final
answers.

It is necessary for a to be 12 because otherwise the probabilities do not add up to 1. Several possible
values of b could obtain full credit.

A few candidates wrongly ‘recognised’ the format of the expression for P(R = r), with its curly bracket
and the word ‘otherwise’, and tried to use integration, as if this were the PDF of a continuous random
variable. This is not an appropriate way to recognise a method.
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